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Abstract

The main objective of this thesis is to explore the applications of the deterministic
optimal control theory in biology. In particular we are interested in open-loop policies.
That is, a policy that only depends on time. Thus, we expose the theory of existence of
this kind of policies and a way to obtain the optimal policy by the Pontryagin Maximum

Principle.



Chapter 1

Introduction

In this thesis we review a complete and self-contained proof of the Pontryagin’s Max-
imum Principle [22]. To proof this result we apply the so-called Ekeland’s e-Variational
Principle [11]. We also reproduce the simulation of some literature examples which follow
the optimal control framework of Lenhart [13]. That is, to control a given dynamics with
linear terms and approximate the optimally policies with the forward-backward sweep
method.

In the literature of optimal control theory applied to biological models, contingent
policies such as vaccination, quarantine, isolation, treatment, among others, are naturally
described by control terms [1, 5, 6, 12, 13, 20]. A common practice is to describe these
contingent policies with linear terms. This linear form simplifies the characterization
of optimal policies. In short, a policy is a function that prescribes which actions apply
according to information. If the control policy only depends on time, then this policy is
of open-loop. In the other way, if it depends on the current state, then it is of closed-
loop. Thus, if a policy optimizes a given cost functional —a function from R" to R
that describes the resource consumption and the profit generation —then this policy is
optimal. For example, consider a vaccination campaign as a control policy and the cost
functional describes the balance between the necessary money to run the campaign and

the number of infected individuals to be minimized.

First, we have to ensure the existence of an optimal policy. To this end, we appeal
to the theorems Arzela-Ascoli and Banach-Sacks, to the Filippov lemma and some other
results. Next, we apply the Pontryagin’s Maximum Principle to characterize optimal
control. That is, we get the necessary conditions to approximate the optimal policy.

However, some problems lacks of unique optimal policies, which still is, an open problem.

1



Introduction 2

The aim of this thesis is to review the existence and characterization of the underlying
solution to optimal control problems with applications to biology and approximate the

concerning optimal policies.

After of this introduction, in Chapter 2 we introduce and prove the Ekeland’s e-
Variational Principle, which will give the existence of an approximate control. Chapter 3
presents the necessary theory to ensure the existence of an optimal control. In Chapter 4
we enunciate and prove the Pontryagin’s maximum principle. Chapter 5 discusses the
forward-backward sweep method, which approximate the optimal policies. Chapter 6
describes the multidimensional control problems with one control and two controls on

their dynamics. We closed this work with the conclusion and perspectives in Chapter 7.



Chapter 2
The Ekeland’s Variational Principle

The purpose of this Chapter is to enunciate and prove the Ekeland’s e-Variational
principle [8]. First section introduces the theory of lower and upper semicontinuous
functions. Thus, in second section we enunciate the Ekeland’s principle, and prove it

following the ideas presented in [11].

2.1 Lower and Upper Semicontinuous Functions

Here we discuss about preliminary results from semicontinuous functions. The objective is
to characterize the concept of semicontinuity and assure the existence of global minimum.

Those concepts are defined over a metric space (U, d).

Define the set of extended real numbers as R := {—oo} UR U {+o0}. This set is ordered

and we can define the following operations

r € RU{+o0} = =+
reERU{-x0} = z+

r>0 = z(+00) = 400,

r <0 = z(+00) = —00,
(—00)(+00) = —oo0,
(—00)(—00) = (+00)(+00) = +00,

0(+00) = 0(—o00) = 0.



Introduction 4

The semicontinuity of a function is defined by the limit inferior and superior of the

function. So, we introduce the definition of limit inferior and superior for a given sequence.

Definition 2.1. Let {x,} be a sequence of extended real numbers, that is x, € R. The

limit inferior of {x,} is

lim x, := lim inf z;, = sup inf zy,
n—00 n—o00 k>n n k>n

where the second equality follows since {infy>, xx} is an increasing sequence in n. Simi-

larly, the limit superior of {x,} is

lim x, := lim sup x; = inf sup zy.

Now, the limit inferior and superior of a function is defined as follows.

Definition 2.2. Let f : U — R be an extended real-valued function. The limit inferior

of fas x € U converges to xg € E is defined by

lim f(z):=1lm inf f(z)=sup inf f(x),

T— 0 6—0d(z,20)<0 6>0 d(x,x0) <6

and its limait superior by

lim f(z):=1lim sup f(z)=inf sup f(z).

T=T0 6—=0 d(z,x0)<d 6>0 d(z,20)<d

Combining the above definition we establish the following lemma.

Lemma 2.1. Let f : U — R. We have

lim f(x) = inf lim f(z,),

xT—x0 {zZn} n—oo

where the infimum on the right-hand side is taken over all sequences x,, — xq. Similarly,

lim f(z) = sup lim f(z,).

T—rT0 {xn} n—oo
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Proof. Define

M := lim f(:E),
T—T0

L :=inf lim f(mn)a
Tn n—o00

Ns:={z e U:d(z,xy) <}

We have to consider the cases M = —oo, M = oo and —oo < M < o0.
Case: M = —c.

Note that it is enough to prove the existence of a sequence x,, — o such that f(x,) — —oo,

because
lim f(z,) = li_)m inf{f(x,), f(xns1),...} = —00.

n—oo

Since, M = —oo we have that

M = lim f(z)=lm inf f(z) = —oc.

T—T0 6—0 xENy

Let 0 = %, for all n € N, then

inf f(z) = —o0,Vn € N.

xeNl/n

Thus, there is y, € Ny, such that f(y,) < —n. Define the sequence by
Tp = Yn, Yn € Ny for each n € N.

By the above, there is a sequence z,, — xy such that f(z,) — —oo. Hence, M = L.
Case: M = .

Since,

2, () = oo

for a given € > 0 there exists ¢ > 0 such that inf,cn, f(z) > €. By the convergence of z,,
there is N € N such that z,, € Ns for all n > N. Then,

) > inf fw)>e ¥n> N
Tn€Ns

That is, f(x,) — oo for any sequence z,, — . Therefore L = M.

Case: —o0 < M < o0.

First, we prove that M < L. By Definition 2.2, given ¢ > 0 there is 6 > 0 such that
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inf.en, f(z) > M — e, implying that f(x) > M — ¢ for all z € Ns. Let {x,} be a
sequence that converges to x¢. Thus, there is N € N such that x,, € Ns for all n € N and
f(x,) > M — ¢ for all x, € N5, n > N. Then

li n) = li inf n) > M —e.
o Jlan) = gt (o) 2 M —e
The above holds for any sequence x, — xo, then infy, ylim, .,  f(x,) > M — ¢, for any
€ > 0. Hence, M < L.
1
For the reverse inequality, we have that inf,cn, f(x) = M, as 6 — 0. Let 6 = —. By

n
definition of infimum there is ks € N such that z;, € Ns and

flon) < inf floe)+

Tks €Ny

Thus, we choose x,, € N1 satisfying the above for each n € N. Then

Tn np—oo

< lim f(z,)

n—oo

< lim ( inf f(xn>+%)

n—oo \ #n€N1
n

=M.

Hence L < M. Finally, notice that lim, ,o ¥, = —1lim, . (—¥,), and sup,c, f(z) =

—n—0o0

—infiea(—f(x)), implies the second assertion. |

To fix ideas, in Figure (2.1) we present the function f(x) := sin(1/z), where we see that

lim, ., f(z) = —1 and lim,_,o f(z) = 1.
The following definitions describe the lower and upper semicontinuity of a function.

Definition 2.3. Let f : U — R. The function f is lower semicontinuous (l.s.c.) at a
point xg € E if
f(xo) < lim f(z).

T— T

o

Equivalently, by Lemma (2.1), fisl.s.c. at zo if f(z) < lim f(xy,), for every sequence

—n—00

Tn — Xg.
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FIGURE 2.1: Example of a semicontinuous function.

Definition 2.4. The function f is upper semicontinuous (u.s.c.) at a point xq if

f(zo) > lim f(x).

T—rxo

Equivalently, fis u.s.c. at xy if f(x) > lim,_e f(,), for every sequence x,, — .

Figure 2.2a and Figure 2.2b, presents examples of functions that are 1.s.c. and upper

semicontinuous, respectively.

\ \

(A) Lower (B) Upper

FIGURE 2.2: Semicontinuous Functions

We say that f is l.s.c. or closed on U if f is l.s.c. at every point x € U. Similarly, f is

u.s.c. on U if f is u.s.c. at every point in U. Note also that

lim f(x) < f(zo),

T—rT0
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since xg lies in every neighborhood Ny. This implies, f is l.s.c. at xqg if and only if

fxzo) = lim f(x).

T—TQ

Similarly, the function f is u.s.c. at z( if and only if

f(xo) = Tim f(x).

T—TQ

In addition, any function is l.s.c. at a point z if f(x) = —oo and similarly any function

is u.s.c. at a point z if f(z) = oc.

Since the l.s.c. and u.s. c. functions are, respectively, related with its epigraph and hy-

pograph, we enunciate its definitions.

Definition 2.5. Let f: U — R be a function. We define the epigraph of f as the set

epi(f) == {(z,t) e U xR : f(z) < t}.

Similarly, define the hypograph of f as

hypo(f) = {(z,t) € U x R: f(x) > t}.

The following result relates the semicontinuity of a functions, with its epi or hypo.

Theorem 2.1. Let f: U — R. The following statements are equivalent:
a) The function f isl.s.c. on U,
b) The set epi(f) is a closed subset of U x R,

c) The sublevel set 1, (f) :={z € U : f(z) < a}, is closed for all a € R.

Proof. We have to prove the following implications a) = b) = ¢).
a) = b) Suppose that f is a l.s.c. function on U. Let (x,,t,) be a sequence on epi(f)

converging to a point (x,t). Since f is l.s.c. at z,
f(@) < lim f(2n). (2.1)
On the other hand, since (z,,t,) € epi(f)

flz,) <t,. (2.2)
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for all n € N. Combining (2.1) and (2.2) we get
f(x) <lim f(2,) < lim f(z,) < limt, = t.

Thus, (x,t) € epi(f). Hence epi(f) is closed.

b) = ¢) Suppose that epi(f) is closed and let (z,) be a sequence in [, (f) converging to
a point x € U. Note that (x,,a) € epi(f) and its limit (x, ) € epi(f). Hence z € [,(f).

¢) = a) First, we consider —oo < f(z) < oo. For this case we proceed by contradiction,
assuming that the sublevel set [, (f) is closed for all @« € R and f is not L. s. c. Then, there
is € > 0 such that

lim f(z) =supinf f(z) = f(x) — 2¢.

a0 5>0 Ns
Thus, for any § > 0, we have infy, f(x) < f(z¢)—2¢ < f(z9)—e. Let a« = f(x9)—e. Define
the sequence {z,} as follows z,, € Ns(xo), x, — xo, such that f(z,) < f(zg) — € = a.
That is, @, € lo(f). Since l,(f) is closed, o € l,(f) and f(zo) < f(zo) — &, which is a

contradiction.

Now, if f(z) = —oo for a point z € U, then f is l.s.c.. Consider the last case, f(x) = oo
for some z € U. Proceeding by contradiction, suppose that f is not l.s.c. at xg € E
and f(zg) = oo, so there is a € R such that supy. inf,en, f(x) = a. For any 6 > 0,
infen, f(2) < a. Let 8 € R such that o < §. Thus, there exist a sequence {x,} C Nj
that converges to xy and f(z,) < a < f. Since l,(f) is closed, we obtain that xy € 1, (f)
and oo = f(xg) < f3, a contradiction. [ ]
Following the same ideas, we can prove an equivalent theorem for u.s. c. functions.
Theorem 2.2. Let f: U — R. The following statements are equivalent:
a) The function f isu.s.c. on U,

b) The set hypo(f) is a closed subset of U x R,

c) The sublevel set I1*(f) :={x € U: f(x) > a} is closed for all o € R.

We now prove that the family of . s. c. functions is closed under the sum operation.

Corollary 2.1. If the functions f, g : U — RU{+o0} arel.s.c., then so is f + g.
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Proof. We have to prove that {x € U : f(x) + g(z) <t} is closed. We claim that

{reU: f(x)+g(x) >t} = U({mGU:f(x)>t—a}ﬂ{x€U:g(m)>a}), (2.3)

acR
As usual we prove the two inclusions. Firs, let x € {x € U : f(z) + g(x) > t} then, there
is € > 0 and some « € R, such that f(x)+g(z) =t+2e >t and g(x) = a+¢ > «. Thus
flx)=t+2e—a—c=t—a+e>t—a.

Conversely, let

x € U({xEU:f(as)>t—a}ﬂ{x€U:g(:v)>a}).

a€eR

Then f(z) + g(x) >t — a+ « = t. So, the equality is proved. In the right-hand
side of the equality (2.3) we have the arbitrary union of open sets, which implies that
{r eU: f(x)+ g(x) >t} is open. Thus, the complement {z € U : f(x) + g(x) < t}, is
closed. By Theorem (2.3), f + g isl.s.c. [

The following results provide sufficient conditions for the existence of a global minimum

for 1. s. c. functions.

Theorem 2.3. Let f: U — RU{+oo} be l.s.c., defined on a metric space U. If f has

a nonempty compact sublevel set 1, (f), then f achieves its global minimum on U.

Proof. Let {z,,}5°, be a minimizing sequence for f, that is

flxy) \inf{f(z) : x € U}.

Define infg f := {f(z) : * € U}. Since f(z,) \ infg f there is N € N such that
Ty € lo(f) for all n > N, that is f(z,) < «, for all n > N. By hypothesis [,(f) is a

compact set, this implies that {z,,}>° \ has a convergent subsequence
T, — " € lo(f).
Since f is l.s.c. at x*, we have

inf f < f(o") < lim f(z,) = lim f(z,) = inf .

n—oo
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Hence, f(z*) = infg f. |

Definition 2.6. A function f : D — R on a subset D of a normed vector space U is
called coercive if

f(z) = o0 as ||z|| = +oc.
Corollary 2.2. Let f: K — R be al.s.c. function defined on a metric space K.
a) If K is compact, or
b) K is a subset of a finite-dimensional normed vector space U and f is coercive,

then f achieves a global minimum on K.

Proof.

a) Note that all sublevel sets are closed because f is l.s.c. Also, we know that all
closed subsets of a compact set are compact. Therefore, the Theorem 2.3 implies that f

achieves its global minimum on K.

b) Consider the sublevel set [, (f) = {z € D : f(z) < a}. Since f is coercive there is
do > 0 such that ||z|| > d,, which implies f(z) > a. Then, for any y € l,(f), ||y|| < da-
Thus, the sublevel set [, (f) is bounded and also closed because f is l.s.c. Hence I,(f) is

compact and the conclusion follows from Theorem 2.3.

The Ekeland principle [11] is established for proper l.s.c. functions. A function f is
proper if f(z) < oo for at least one point z € U.

2.2 Ekeland’s Variational Principle

The aim of this section is to present and prove the Ekeland’s e-Variational Principle
[8]. We also see, as an application of this principle, a proof of the Banach fixed point

theorem.

We start by introducing a partial order. Let (U, d) be a metric space, and let f : U — R

be any function. Define the relation < on U by the condition

y 2z = f(y) +d(z,y) < f(z).
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This relation is a partial ordering on U, that is, for all x, y, 2 € U we have
i) Reflexivity: = < x.
ii) Antisymmetry: x <y and y < x imply = = y.
iii) Transitivity: z < and y < z imply = < z.
Now, we prove these properties
i) Note that f(x) 4+ d(x,z) = f(x) < f(x), then z < z.

ii) Suppose that z < y and y < z that is

If we add (2.4) and (2.5), then we get f(z) + f(y) + 2d(z,y) < f(z) + f(y). Thus,
d(x,y) = 0, which implies z = y.

iii) Suppose that x <y and y < z, that is

Adding (2.6) and (2.7), we get

f(@) + f(y) +d(y, z) + d(y, z) < f(y) + f(2).

Then f(x)+d(x,y)+d(y,z) < f(z). Using the triangle inequality f(z)+d(z,z2) < f(2),
implying that z < z.

A point x € U is a d-point if y < x implies that y = x, or equivalently,
f@) < fly) +d(z,y), VyeU y#uz
Now, define the set
S)={yeU:y2a}={yeU: fly) +dz,y) < f(x)}.

Note that x € S(z), since z < x, so S(z) # &. Since =< is a partial order, we claim that
y = x if and only if S(y) C S(z). Suppose that y < = and let z € S(y), then z < y and
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y = x. Hence z < = and z € S(z). Now, suppose that S(y) C S(z), then y € S(x).
Which implies y < z.

Note that if f is a l.s.c. function then S(x) is a closed subset of U. Also, a d-point z
is characterized by the condition that S(z) is a singleton, that is, S(x) = {z}.

The following result from [11] is needed to prove the Ekeland principle.
Theorem 2.4. Let (U,d) be a metric space. The following condition are equivalent:
a) (U,d) is complete,
b) For any proper 1.s.c. function f : U — R U {400} bounded from below, and any

point x € U, there exists a d-point xg satisfying r = xg.

Proof.

b) = a). Fix z9p € U. Let {z,};°, be a Cauchy sequence in U. Consider the proper
l.s.c. function f(z) := 2lim,,_,o, d(x, z,). Let us prove the numerical sequence {d(zx, z,)}
is a Cauchy sequence in R. Since {z,} is a Cauchy sequence, given ¢ there is N(¢) € N

such that for all m,n > N, d(z,, z,) < €. It follows from

d(z,x,)
d(x, )

< d(x,xm) + d(Tm, Tn),
< d(z, zn) + d(Tn, T),
that |d(x, x,) — d(z, ;)| < d(x, x,) < €, for allm,n > N. Then, {d(z, z,)} is a Cauchy

sequence, which implies that f is well-defined.

We claim that f is continuous at z* € U. Let € > 0, 2* € U and take 6 = /2 such
that d(x,z*) < §, with = € U. Then, for any n € N

d(z,z,) < d(z,z") + d(z*, z,), (2.8)

and
d(z*, x,) < d(z*,z) + d(z,x,). (2.9)

Combining (2.8) and (2.9), we obtain

|d(x,x,) — d(z*, x,)| < d(z,z") <

DO ™
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Letting n — oo, we have

2 lim d(x,z,) — 2 lim d(z*, x,)

n—o0 n—o0

< E.

Hence, f is continuous at x*. Finally,

lim f(x,)= lim [2 lim d(mn,xm)}

n—o0 n—oo m—r0o0

=2 lim lim d(z,,zn)
n—oo Mm—0o0

=2-0
=0.

Let x € U be a d-point of f, by definition f(z) < f(y) + d(z,y), for all y € U. Then
f(x) < f(x,) +d(z,z,). Letting n — oo we have
OSﬁmd@wd=f@)<ﬂ%J+ﬂ%%J=£@L

n—oo 2

then f(z) = 0. That is d(x,z,) — 0 as n — oco. Hence, U is a complete metric space.

a) = b). Suppose that U is complete and let f : U — R U {+o00} be a proper l.s.c.
bounded below. We assume that f(x¢) < oo for zp € U. Generate a sequence {z,}5°,
recursively such that given z,, € U, the term x,,; € S(x,). We claim that {z,} is a
Cauchy sequence. Note that z,11 € S(x,), implies f(z41) + d(2n, Tpt1) < f(xy,). Then,
0 < d(zp,zns1) < f(xn) — f(zny1). Hence, the sequence {f(z,)} is decreasing. Since f
is bounded below, the sequence {f(x,)} converges. In particular, {f(x,)} is a Cauchy

sequemnce.

Now, for any n,m € N such that n > m we have d(x,,x,) < f(zn) — f(z,). Letting
m,n — oo we see that d(x,,x,,) — 0. That is, {z,} is a Cauchy sequence in M. Since
E is complete, {z,} converges to zo € U. Moreover, x, € S(z,) for all £ > n. We also
have that S(z,) and

S(x) C () S(zn).

We prove that S(z) = {z}. We choose a sequence {Z,} such that z,,; € S(Z,), and
1

f(@pg1) <inf{f(y) :y € S(z,)} + —. Let z € S(x), then z <z < 7,1 < T, and
n

F(2) 4 d(z,8) < f(B) < inf{f(y) 1y € Fus} +

Thus, letting n — oo, d(z,7,) — 0. Hence Z,, — z = z, that is S(z) = {z}. n
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We now enunciate the Ekeland’s e-Variational principle [8] and prove it following the

ideas from [11].

Theorem 2.5 ([11, Thm. 3.2], Ekeland’s e-Variational Principle). Let (U,d) be a com-
plete metric space, and let f : U — R be a proper 1.s.c. function that is bounded from
below. Then, for everye >0, A >0, and x € U such that

flz) < inf f +e,

there exists an element x. € U satisfying the following properties:
(1) fz:) < f(x),
(i1) d(z.,z) < A,

(iii) f(ze) < f(2)+ 5d(2,2.), for all z € U,z # x..

Proof. Note that for A =1 and € = 1 the properties are
(i) flze) < fla),
(i) d(ze,x) <1,
(iii) f(z.) < f(2) +d(z,xe), for all z € U, z # ..

Then, it’s enough to prove the result for this values because we can replace d by d/\ and
f by f/e in the inequalities d(z.,z) < 1 and f(z.) < f(2) + d(z,z.) to get the original

properties.

Since (U, d) is a complete metric space and f is a proper L s.c. function bounded
below, the conditions in Theorem 2.4 are satisfied. That is, for x € U there exists a

d-point z < x. We claim that Z satisfies the required properties

(i) Since Z < x, we have
f[(@) < f(z) +d(z,z) < f(z), (2.10)

then f(7) < f(x).

(i) By hypothesis f(z) < inf,epn f(2) + 1 < f(Z) + 1. Using the relation (2.10), we
get
f(@) +d(z,7) < f(r) < f(Z) + 1.
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Then d(z,z) < 1.

(iii) Since z is a d-point f(Z) < f(z) + d(x,z), for all z € U, with x # 7.

If we suppose that U = R™ and d(z,y) = || — y|| in Theorem 2.5, then we have a

direct proof.

Proof. As above, suppose that A = 1. Fix ¢ > 0 and choose z € R" such that
f(z) <infp f+e. Define g(2) := f(z) + ||z —z||. Since f is L.s.c. and ||-|| is con-
tinuous, then ¢ is 1.s.c.. The function ¢ is coercive because the function f is bounded

below and ||z — z|| — o0 as ||z]| — oc.

Consider the set of global minima of g, K := {m € R" : g(m) < g(z),Vx € R*}. The
set K is non-empty by Corollary 2.2 part (b) and closed because K is a sublevel set. Let
xe € K be a point that minimizes g on K, that is g(z.) < g(z) for all z € K. By definition
of g we have f(x.) +¢el|lz. —z| < f(2) + ez — |, for all z € R". If z = x, then

flae) +ellze — 2| < f(2)

_
< inf f(y) +e

< f(ze) + &

From the first inequality we have f(z.) < f(z.) + ¢ ||z. — z|| < f(z), so, f(z.) < f(x).
Further, f(z.)+e¢||z. — 2| < f(z.)+¢, imply ||z. — z|| < 1. Hence, (¢) and (éi) holds for
x and x.. To prove (7i7) note that if z € K and z # z. then f(z.) < f(z) for all z € K.
Then f(z.) < f(2) < f(2) + ez — x|, for all z € K, z # x.. Now, if z ¢ K, then

flae) +ellze —zf| < f(2) +ellz — ]
< f(2) +elllz = zell + flze = =[]).

Thus f(ze)+e ||lze — of| < f(z)+e |z — zel|+€ ||z — 2| implies f(z.) < f(2)+e [z — 2]
Therefore property (iii) holds for every z € R" with z # .. [ |

Taking a particular value A = 1/ we get the following corollary.
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Corollary 2.3. Let the function f and the point x satisfying the conditions in the The-

orem 2.5. Then there exists a point x. satisfying the following conditions:

( )SJ_ (2.11)
f(2) > flz.) — Ved(z,z.), forall ze U,z +# x..

An application of the Ekeland’s e-Variational Principle is the proof of the Banach
Fixed Point Theorem.

Definition 2.7. Let o : U — U be a mapping . A point & € U 1is called a fixed point of
o if p(z) =

The mapping ¢ is called a contractive mapping if there exists o € [0,1) such that
d(p(z), ¢(y)) < ad(z,y)

Theorem 2.6 (Banach Fixed Point Theorem). A contractive mapping ¢ : U — U on a

complete metric space (U,d) has a unique fized point.

Proof. Let ¢ be a contractive mappping. Define a function f(x) := d(z,¢(x)) > 0, let
€ [0,1) and choose ¢ € (0,1 — «). Note that ¢ is Lipchitz then f is continuous and
bounded from below by definition. Thus, all the hypothesis on the Ekeland’s principle

are satisfied so, there is £ € U such that

f(@) < f(z) +ed(x, 7) (2.12)
for all # € M with x = Z and each € € (0,1 — «).

Proceeding by contraction, we suppose that ¢(z) # z. Then there is z € U such that
©(Z) =z, v # z. By (2.12), we have

Then,
d(p(z),z) < (a+e)d(e(Z), T) (2.13)
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Note that a+¢ < a+1—a =1, and from (2.13), 1 < a+¢, which leads to a contradiction.
Hence ¢(7) = z.

Now, to prove the uniqueness of the fixed point suppose that there are two fixed
points z; and xa, then d(z1,z2) = d(p(x1), p(z2)) < ad(xy,x9) < d(xy1,x2), which is a

contradiction. ]

In the next chapter we present the conditions needed to have the existence of an

optimal policy.



Chapter 3

The Optimal Control Problem and

the Existence of Optimal Policies

The aim of this chapter is to establish the optimal control problem and prove the
existence of an optimal policy for that control problem. We follow the ideas presented in

[22] by Jiongmin Yong.

We define first a control system. Consider a non-empty closed subset U C R" for
0 <ty <T < oo define the set

Ulty, T| :=A{u: [to,T] = U : u(-)is measurable}.

Given a function f : Ry x U x R" — R", define, for any pair (¢g, z9) € Ry x R", a control

system by the following initial value problem:

X(S) = f(st(8)7u<S))v ERS [t07T]7

X(ty) = 10, (3.1)

where X () is the state trajectory and u(-) represents the control.

The open-loop control u(-) € Ul[ty, T] is called a feasible control on [ty,T]. Under
appropiate conditions, for any initial pair (¢g, o), and feasible control u(-), the system
(3.1) admits a unique solution X (-) = X(+; ¢, z,u(-)) defined on [ty, T]. Note that different
choices of u(-) will result in different state trajectories X (-). We refer to (u(-), X(+)) as a

state-control pair of the control system (3.1).

19
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We now consider a set M in R", and define the set of all measurable controls u such

that the corresponding trajectory belongs to M:
Z/[M to, {U Euto, ] : X(T;to,xmu(')) € M}

Define the cost functional

J(to, xo;u(+)) == /t g(s, X(s),u(s))ds + h(T, X(T)),

for some maps g : [t,7] x U x R* — R and h : R* — R. Now we introduce an optimal

control problem with a fixed terminal time and a terminal state constraint.

Optimal Control Problem 3.1. For given (to, z9) € Ry X R™ with U [ty, T] # @, find
a control u(-) € UM [to, T| such that

J(to, xo; u(+)) = inf J(to, xo;u(-)). (3.2)

u(-) €UM [t0,T]

In Section 3.1 we present some preliminary results. Latter, in Section 3.2 we prove the

existence of an optimal policy.

3.1 Auxiliary results

In this section, we present and prove the Filippov lemma and the Banach-Saks theorem.

All of these results are needed to prove the existence of an optimal control.

We now fix some notation. For any 0 <ty < T < oo and 1 < p < oo, define

C([to, T);R™) = {p : [to,T] = R™ : ¢(-) is continuous },

T
LP([t, T); R™) = {gp: [to, T] — R™ : ¢(+) is measurable , / lo(s)Pds < oo},

to

which are Banach spaces with the following norms, respectively,

leC oo ymmy = sup_ [p(s)], for every () € C([to, T];R"),
s€|to,

1
T P
1o Lo (10, 7717) = (/ lo(s)[? ds) , for every o(-) € LP([to, T|; R™),
to
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Now, we prove the Banach-Saks theorem and the Filippov lemma, following the ideas

from [22].

Theorem 3.1 (Banach-Saks, [22, Thm.1.4.3.]). Let p.(-) € L*([a, b]; R™) such that

b
lim [ (pu(s) — @(s),m(s))ds =0, Vi€ L*([a,b; R"),

N—oo a

with () € L*([a,b]; R™). Then there is a subsequence {¢y,(-)} such that

= 0.

L2 ([a,b];R™)

Proof. First we consider that @(-) = 0, if not we can consider ¢} = ¢, — @. Let k; = 1.
By the hypothesis of @i (+), we can find k; < kg < -+ < ky such that

b
1 . .
/ <90ki(5)790kj(5)>d5 < N bsisg=n
Then
1 N 2 1 " & 2
N Z(pkb() — m/a Z@kz(s) ds
i—1 L2(a,b;R2) =
1 [P
— W/ ZW&(S)?‘PRJ‘(S)MS
a i,jil
LN
-V Z/ {on.(5); on,(5))ds
i,j=179
1 & 2 2 b
_ m Z ||%0k,-<')||L2([a,b]%Rn) + m Z <90kz<5)7 @kj(S))ds
- 1<i<j<N 7@
' , 2 N(N—1)
< ~ ig}f o (M 22 (ja,pmm) T+ N3 2
< ! : 1
< 3750 [0k Oz o + 7 = 0

when N — oo. Now, consider that ¢(-) # 0, thus i (-) — @(-) = 0, and we can apply the

previous steps. [ |

Definition 3.1. Let w : Ry — R, be a continuous and increasing function such that

w(0) = 0 and let f : (X,d) — (Y,d). Then w is a modulus of continuity of f if
d(f(x), f(y) < w(d(z,y)).
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Lemma 3.1 (Filippov). Let (U,d) be a complete separable metric space. Let g : [to, T| X

U — R"™ be a map which is measurable in t € [ty,T]| and
‘g<t7u) - g(t,v)| < UJ(d(U,’U)), VU,’U € U7 te [t07T]7

where w is the modulus of continuity of g. Moreover, 0 € g(t,U) a.e., t € [to,T]. Then

there exists a measurable map u : [to, T] — U, such that
g(t,u(t)) =0 ae. teltT] (3.3)
Proof. We consider first the case when d(u,v) < 1 for all u,v € U. Define
['(t):={ueU: g(t,u) =0}, t € [to, T).

Since 0 € g(t,U) a.e. t € [to, T], the set I'(t) # @. Let Uy := {v; : j > 1} be a countable
dense subset of U. We claim that for any v € U and 0 < ¢ < 1,

<L | =

0o 0o 1
\{t S [to,T] : \df(u,F( O L_J {t S to, : d(u,’uj) <c+ ;, ]g(t,vj)| < -

-

\

g

=B

where

d(u,I'(t)) :== inf d(u,v).

vel'(t)

If t € A then there is a sequence uy € I'(¢), i.e. g(t,ux) = 0, such that

d(u,ug) < d(u,I'(t)) + - <c+

| =
| =

Since Uy is a dense subset of U, there exists a sequence v;, € Uy such that d(ug,v;,) < %

Using the triangle inequality we get

2
d(u,v;,) < d(u,uy) + d(ug, vj,) < c+ T (3.4)

By hypothesis, we have

980301 = Lot = )] < (g ) <0 (7). (3.5)
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Hence, using the inequality (3.4) we get

k;lggo d(u7 Ujk) <c

and by (3.5) and the continuity of w we obtain

lim ¢(t,v;,) =0.

k—o00

Thus, for any ¢ > 1, there exists 5 > 1, such that

1
1
1

Hence, A C B. Conversely, let t € B for all ¢ > 1 there is j > ¢ such that d(u,v;) < c+%
and [g(t,v;)| < 1. Let v € I'(t), since Uy is dense there is v; € Uy such that d(v,v;) < 1
for all j > 1. Then d(u,I(t)) < d(u,v) < d(u,v;) + d(vj,v) < ¢+ 2 for all i > 1. Hence
te Aand B C A.

Note that B is measurable, because ¢ is measurable. Then A is measurable. On the

other hand, note that

{t € [to,T] : d(u,T(t)) < c} = [to,T], Ve>1,
{t €to,T] : du,I'(t)) <c} =2, Ve<O.

Note that inverse image of the set (—oo, ¢|, under the mapping ¢ — d(u, (1)), is

g, c¢<0,
A 0<ec<1,
[to,T], 021

Therefore the mapping ¢ — d(u, ['(t)) is measurable.

We now construct recursively a sequence uy. For every t € [to, T| define ug(t) :== vy €
Up. Note that ug(t) is measurable and d(ug(t),I'(t)) < 1, for ¢ € [ty,T]. Next, choose
ug—_1(+) such that

d(up_1(t),T(t)) <27,

s (s upa()) < 2F, lto, - (3.6)
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Define for fixed 7 and k& the sets

CF:={t € [ty,T] : d(v;,T(t)) < 27%},
DF .= {t € [to, T] : d(vi,u_1(t)) < 27*},

Since t — d(v;, I'(t)) is measurable, C* is measurable. Since uy_;(t) is measurable, by
construction, and d is continuous, the set DF is measurable. Let A¥ = CFn D, for

k,i > 1. Then AF is also measurable. We prove now that
[to, T] = GA?, Vi >1. (3.7)
i=1
For any t € [ty,T], by (3.6), there exists a u € I'(¢) such that
d(ug_1(t),u) < 217,
By the density of Uy in U, there exists i > 1 such that d(v;,u) < 27% which implies

d(vs, T(t)) < d(vg,u) < 27,

Also,
d(vi, ug—1(t)) < d(vi, u) + d(u, ug_1(t))
< 2—k 4 21—k‘
< 21—k‘ + 21—/<:
— 22—k'
Then

{ d(v;, D(t)) < 2%,

d(’Ui, Uk—1 (t)) < 217]6,

which means t € A¥. Note that A¥ = CF N D¥ C [to, T]. Therefore, the relation (3.7) is

proved.

Define uy(+) : [to, 7] — Uy C U as follows:

i—1
up(t) =v;, Vte AP\ AL

J=1
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Since t € CF, we have

d(ug(t),T(t) < 27,

and t € D¥ implies
d(uk(t), uk_l(t)) < 21_k.

This completes the construction of the sequence {uy(-)}. Notice that the relation (3.6)
holds for every £ > 1. Which also implies that for each t € [to, T, {ux(t)} is a Cauchy
sequence in U. By the completeness of U we obtain

lim ug(t) = u(t), t e [to,T].

k—o0

Since uy is measurable, the function u(-) is measurable. Then by the closeness of T'(¢),

we have
u(t) e I'(t), Vtety,T].
This means (3.3) holds for almost every ¢ € [ty, T'.
In the case d(u,v) > 1, consider an equivalent metric d(u,v) := 11(;2’5)1))

u,v € U. [

< 1 for every

3.2 Existence theory for optimal policies

In this section we present some conditions and prove the existence of an optimal policy
for the Optimal Control Problem 3.1.

We introduce the following assumption

Condition 1. The maps f : Ry xU XxR" = R"” and g : Ry xU xR™ — R are measurable

and there exists a constant L > 0 such that

\f(t,u(t), ) — f(tu(t),xe)| < Lz — x|, (tu(t)) € Ry xU, Vazi,zy€ R,
(3.8)
|f(tu(t),0) <L Y (tu(t) eR, x U.

and

lg(t,u(t), z1) — g(t,u(t),x2)| < L|xy —xo|, (t,u) € Ry xU, Va,zoeR" (3.9)
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Note that combining the inequalities in (3.8) we get
|f(t,u,2)] < L(1+z]), (t,u,x) € Ry x U x R™. (3.10)
This condition is usually called the Lipschitz condition of the function f. A key feature
of the above is that the bond of | f(t, u, x)|, depending on |z|, is uniform in wu.

Proposition 3.1 ([22, Prop.2.1.1, p.37]). Suppose that Condition 1 hold. Then, for
any (to,zo0) € Ry xR, and u(-) € Ulty, T] with T < oo, there exits a unique solution
X(+) = X(-;to, o, u()) to the state equation (3.1). Moreover, the following estimates
hold for every s € [to, T] and u(-) € Uto, T

X (53 to, o, ()| < " CT (1 [ao]) — 1,

(3.11)
| X (550, 20, u(-)) — o] < [0 —1J(1 + |ao)).
Further, for any t € Ry, x1,29 € R, and u(-) € U[ty, T},
| X (s t0, w2, u(+)) — X(s5t0, z1,u())| < "7 2y — 2y, (3.12)

for every s € [to, T.
Proof. Let 0 < £, for any X (-) € C([to, to + 0]; R") we define

[SX(9) —x0+/fru (r))dr, s € [to,to+ ).
By Condition 1 we have

[SX1()](s) — [SX2()](s)] =

/fru X (r dr—/fru , Xo(r))dr

/ X, (r) — X ()| dr

gL/ sup | Xi(s) = Xa(s)] dt
to s€[

to,to+9]

<L

= L(s — t0) | X1(-) = Xo()ll o ro o612
< L(to+ 6 — o) | X1(-) = X2 ()l oo o617
= L3 [ X1(-) = X2 ()Ml oo tora1m) »
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for any X (-), Xa(:) € C([to, to + 0]; R™) and for all s € [to, to + ¢]. Hence

[[SXi(-)] — [SXQ(')]||C([to,to+6];R") <OL|Xa() — XQ(')”C([tovto-HS];R") :

By the above inequality we have that S : C([to,to + 0];R") — C([to,to + 0];R™) is
contractive. Therefore, the Banach Fixed Point Theorem 2.6 implies that the control
system (3.1) admits a unique solution in [to, to + 0]. We can repeat the same procedure
for the set [to + 0, to + 2J] and so on. Then, the system 3.1 admits a unique solution X (-)
on [tg, T1.

Now, by the inequality (3.10) we have

[ X(s)] =

:%+[UvmwmwnMr

gud+L/(LHmem

to

for all s € [to, T]. Define 0(s) := |xo| + Lftf)(l + | X (r)])dr, then by the fundamental

theorem of calculus

0(s) = L+ L|X(s)| < L+ Lo(s),

which leads to

9(5) < eL(sfto)|x0‘ + L/ eL(Sfr)dr — eL(sftO)‘xol _|_6L(S*t0) 1

to

Thus, | X (s)] < e*7%)(1 4 |z4|) — 1 and we obtain the first estimate in (3.11). Next, we
apply the first estimate

[ X () = xo| =

/: flr,u(r), X (r))dr
szﬂﬂnmmxvmm
gL/?wavmm

to

< L/ L) (1 4 |o|)dr

to

= (1 + |zo|)[et5 1) — 1].
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This prove the second estimate in (3.11). Finally, for X;, X € R™, let us denote
Xi(-) = X(+;to, x4, u(+)). Then

| X1(s) — Xao(s)| < |x1 — 2| + L/ | X1 (r) — Xao(r)|dr.
to
By Gronwall’s Inequality A.2, we obtain

| X1(s) = Xao(s)| < |z1 — a2 oo Ldr

= |21 — aq| P70

which proves (3.12). n

Note that the bounds of the estimations in (3.11) does not depend of the control u, so

the estimates are uniform in u(-) € U[ty, T.

Extending the Definition 3.1, in the following condition we consider a modulus of
continuity w : Ry x Ry — R, which is increasing in each argument, and w(r,0) = 0 for

every r > 0.

Condition 2. The maps g : Ry XU xR" = R and h : R™ — R are measurable and there

exists a local modulus of continuity w such that
|9(s,u, 1) = g(s,u,x2)| + [h(21) = h(22)| < w([z1| V |22], |21 — 22]),
for every (s,u) € Ry x U,xy,x9 € R™, where |x1| V |x2| = max{|z1|, |x2|}, and

sup  |g(s,u,0)] = go < 0.
(s,u)eRy xU

For any (t,x) € [tg, T] x R™, we introduce the following set

E(t,z) = {(2°2) e RxR" : 2° > g(t,u, ), z = f(t,u,z), u € U}.

To fix the idea see Figure 3.1 and suppose that u is fixed. The set E is represented by
the orange line for each value of u. So the the set E is the area in the right of the blue

curve.

We now introduce the last condition needed to prove the existence of the optimal

control.
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2)

0.°<

f(t’ u’ x)‘

FIGURE 3.1: Convex hull E(¢, z)

Definition 3.2. Consider a set E, then the closed convex hull of the set E is the smallest
closed convex set containing E, that is, the intersection of all closed convex sets containing

E. We denote the closed convex hull as co(E).

Condition 3. For almost all t € [ty,T)], the following Cesari property holds for any
r € R",

() [E(t, Bs(x))] = E(t, x),

6>0

where Bs(x) is the open ball centered at x with radius 6 > 0.

Observe that if E(¢, z) has the Cesari property at x, then E(¢, z) is convex and closed.

Theorem 3.2 ([22, Thm.2.2.1, p. 40]). Let Conditions 1-3 hold. Let M C R"™ be a
non-empty closed set. Consider (to,z9) € [0,T] x R™ as (0,20) and U0, T] # @. Then,
the Optimal Control Problem 3.1 admits at least one optimal pair.

Proof. Let ug(-) € U)[0,T] be a minimizing sequence and define
z, = Xg(7) = X (7,0, 20, ux(+)), 0<7<s<T.
By the inequalities in (3.11) we have

I Xe(s)| < e™(1+|mo]) =1, s€[0,T], k>1, (3.13)
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and

| Xi(s) = Xi(7)| = |X (537,27, uk(-)) — X (750, 20, ug(-))]
— Xu(r) —
< [P 1)1 4 X (750, 20, ug(-))]
< [eFe=) — 1]el™(1 + |zo)).

Note that inequality (3.13) implies that the sequence {Xj(-)} is uniformly bounded.
Additionally, let € = [eL(=™) — 1]eX7(1 + |z¢]), then for all |s — 7| < § and k > 1 we have
that

| Xk(s) — Xi(7)] < e.

Hence, the sequence {X(-)} is equi-continuous. Therefore, by Arzela-Ascoli Theo-
rem A.2, there is a convergent subsequence. To simplify notation we consider { Xy(-)} as
the subsequence, which is convergent to some X(-) € C([0,T];R"). On the other hand,
by inequality (3.10)

[f (s, ur(s), Xi(s))] < L1+ [ Xx(s)]) < Le™ (1 + o).
By inequality (3.13) and Condition 2, we have for all s € [0,T], k > 1

|9(s, uk(s), Xi(s))] < [g(s, ur(s), 0)] + g(s, ur(s), Xi(s)) — g(s, ur(s), 0)]
< go+ w([Xu(s)], [ Xx(s)])
< go +w (e (1 + |wol), e (1 + o))
<K,

where K > 0 is a generic constant. Hence, by extracting a subsequence if necessary, we

may assume that
g(, ur(+), Xi(-)) — g(+), weakly in L*([0,T]; R),

and
fCoun(-), Xi(-) = f(), weakly in L*([0, T]; R"),
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for some g(-) and f(-). Then by Banach-Saks Theorem 3.1 we have

k
ge() = > g ui(-), Xi(-)) = (), strongly in L*([0, T]; R),
(3.14)
FCoui(-), Xi(+)) = f(-), strongly in L*([0, T]; R™).

=
—
S~—
I
| =
M-
A

On the other hand, by Condition 1 we have that X, (-) — X(-) in C([0, T]; R"), we have

uls) = 3 7 (s uals), X())| < 3 D05, (), X)) — F5, (), X (5))
=1 L z:kl )
< ’ Z ’Xi(s) - X(S)‘

We claim that if Xj(-) — X(-) then

%Z X (s) — X(s)| = 0,

uniformly in s € [0,7] when £ — oo. Let ¢ > 0 and 0 < § < 7. Since Xj(-) — X ()
there is Nj such that for all k > Ns, | Xj(-) — X(-)|. Then

L _ L * Ly X
2 s) - X = 1 oK)~ X() + T DD [Xils) - X(s)
< 23X - KO+ s
L& ¢
< E; [Xi(s) = X(s)| + Lo
L& ¢
<7 ; 1%:() = X Ol o zyzmy + g
I ]
= 2N X0) = XOlleoayzn + g'
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Now, let N’ such that 2 N || X;(-) (')HC([O,T};R”)

then
L& o L -
E; — X(s ‘ < EN HX (')HC([O,T];IR") + 2
< ° ©
273
=e.

Similarly, by Condition 2

l9(s, ui(s), Xi(s)) — g(s,ui(s), X(s))]

(VAN
| =

Lk
_EZ g(s,u;(s), X(s)

=1

w(|Xi(s)| V X ()], | Xi(s) = X(s)]) = 0,

IN
| =

=1

uniformly in s € [0,7] when k — oo. Next, by the definition of E(ty, zo), we have
% 7Xi .
<9<8’“ (5) (S))> € E(s, Xi(s)), i>1,s€[0,7T].
(s))
Hence, for any 6 > 0, there exits a K5 > 0 such that

fi(s)

Combining (3.14) and (3.15), using (C3), we obtain

<g_(8)> = lim (qk<8)) € ﬂc‘oE(s,Bg(X'(s))) =E(s, X(s)).

< 5 and N’ > N;. Hence, if & > N',

(f{k(s)) € coE(s, Bs(X(s))), K > Ks, s € [0,T). (3.15)
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for all s € [0, T]. This means X (-) = X (+;tg, zo,%). On the other hand, since
Xk(T) = X(T;to,mo,ﬁk(')) eM, k>1,

one has

X(T) X(T to, To, U ())EM

which means that u(-) € UM [0, T]. Finally, by Fatou’s Lemma [18, p. 86, thm. 9]

J(a(-)) ( )ds + h(X(T))

| A

< ?m[ (s)ds + h(X,(T ))}
_Tm[ %i (s, ui(s), Xi(s))ds +

~ lim kZ / (5, uils Xi<s))ds+h(xk(T))}

| =

Z h(Xk(T))

k—o0
k
= lim — J(u;(+))
k—oo ™y
Lk
=l g2 Tt

This means that (@(-), X(+)) is an optimal pair.



Chapter 4
Pontryagin’s Maximum Principle

In this chapter we define the Ekeland distance presented by Ivar Ekeland in 1974 [8].
We also prove previous results needed to prove the Pontryagin’s Maximum Principle,

introduced by Lev Pontryagin and coworkers in 1956.

Consider the control system defined in (3.1)

X(s) = f(s,X(s),uls)), s € [to, T),
X(tg) = T,

with terminal state constraint X (7, ¢, xo,u(-)) € M C R™ and the cost functional

J(u()) = J(to, x0; u(-)) = / 9(5, X (s), u(s))ds + h(T, X (T).

to

Recall the sets
Ulty, T| :=A{u: [to,T] = U : u(-)is measurable},

and
to, {U S Z/I to, : X(T, to,]}g,u(')) S M}

Finally, we recall the Optimal Control Problem 3.1

Optimal Control Problem. For a given pair (to, zo) € Ry x R™ with U [to, T) # @,
find a control u(-) € UM [to, T] such that

J(u(-) = e J(u()).

34
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4.1 The Ekeland Distance

Consider the set of all measurable controls U[ty, T| and the Lebesgue measure A, then
the Ekeland distance is defined by

p(u(-),v(-)) == A({s € [to, T] : u(s) # v(s)}), u(-),v(-) € Uto, T].

We claim that Ulty, T] is a metric space, under the Ekeland distance. By the definition
of the Lebesgue measure, we have that p(u(-),v(:)) > 0, for all u(-),v(-) € U[te, T|. Note
that

p(u(-),v(-)) = A({s € [to, T] : u(s) # v(s)}) =0,

if and only if u(s) = v(s) A-a.e.s € [to, T]. Moreover, by the definition of the Ekeland
distance p(u(-),v(:)) = p(v(:),u(-)) for all u,v € U[ty, T]. Finally, we claim that

p(u(),v(-)) < p(u(-),w() + p(w(-),v(-), Yu,v,w € Ulto, 1.
Note that we have the next inclusion
{s € [to, T] : u(s) = w(s)} N {s € [to,T] : w(s) = v(s)}  {s € [to, T] : u(s) = v(s)},
by the complement, we get

{s € [to, T] : u(s) #v(s)} C{s € [to, T] : u(s) # w(s)} U{s € [to, T] : w(s) #v(s)}.

Then
plu(-),v(-)) < X({s € [to, T : u(s) # w(s)} U {s € [to, T] : w(s) # v(s)})
< A({s € [to, T - uls) # w(s)}) + A({s € [to, T] : w(s) # v(s)})
< plu(-),w() + p(w(-), v(-)).

Hence (U[ty, T], p) is a metric space.

Lemma 4.1 ([8], Lemma 7.2). According to the Ekeland distance, (U[ty, T}, p) is a com-

plete metric space.

Proof. To prove the completeness of (Ulty, T], p), we use the usual method, that is, take

a Cauchy sequence in U[ty, T'], and prove that a subsequence of it converges.
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Let {u,}22, CUto, T] be a Cauchy sequence. Take a subsequence {u,, }32; such that

ity ()10, () < gy (T = o)

Now, we prove that {u,, (s)} converges in Ulty,T] . Define the set

Ay = U {s€to,T]: up,(s) #un,.,(s)}, VkeN

p>k

Note that Ay C Ag and Ax° C Aj1 for each k € N. Now, for k£ € N

A(Ar) = A (U{S € [to, T] : un, (s) # unpﬂ(S)})

p>k

<D A € [t T) < tn, (5) # tn, (5)})

p=>k
= pttn, (-), tny ()
p>k
< T —tg
= op+1
p=>k
> T —1
= (T - to) Z 2p
p=k+1
(&1 a1
=(T=t) |52 %
Lp=0 p=0
r 1
1 ok+1
= (T —tp) T — -
1— 3 1— 3
T—ty
=5

Define for s € [to, T, the function u(s) as follows

(

U, (8), s € A€
Un,(8), s € A€
u(s) == < : s
Un, (5), s € ALS
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Note that for each s € A;¢
ﬂ(S) = Un, (S) = unz(5)7 [>1,s€ A,

and

ll;m Up, (8) = Un, () = u(s).

An equivalent way to write the function below is

E u?’Lk ]lAk 7

then u is measurable. Therefore, by construction, u,, (s) — 4(s) when k — oo. n

Proposition 4.1. Let Condition 1 hold. The mapping u(-) — X(+;to, zo,u(-)) from
(Ulto, T, p) into C([te, T]; R™) is uniformly continuous.

Proof. Let u,v € U[ty, T|]. From the Control System (3.1)

Xu(s) = X(s,tg, xo,u(s)) = xo + /ts f(ryu(r), Xu(r))dr,

and
X,(s) = X(s,to, zo,v = xo—i—/ f(r,o( o(r))dr.

Then
| Xu(s) — Xo(s)] < /t £ (ru(r), Xu(r)) = f(r,v(r), Xu(r))| dr

- /A f(ru(r), Xu(r) = f(r,o(r), Xo(r))] dr

y» |f(rou(r), Xu(r)) = f(r,o(r), Xo(r)| dr,

where A = {r € [to, s] : u(r) # v(r)}. Applying Condition 1 and Proposition 3.1 we get

Xu(s) — Xo(s)] < / L(L+ |Xu(r))dr + / L(L+ |X, () )dr
+ /CL|XU(7*)) — X, (r)|dr

< 2L T (1 4 ) N(A) + / ' L|X,(r) — X,(r)| dr.

to
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Let K| = 2Le™T=%)(1 + 24). Applying the Gronwall inequality (A.2) we obtain
T
[ Xu(s) = Xo(s)] < Kip(u, v) +/ L|Xu(r)) = Xo(r)| dr
to
< Kip(u,v)eHT=10),
Take K = K eX(T=%) then
[ Xu(s) = Xo(s)| < Kp(u,v). (4.1)
Given € > 0, take § > &. If p(u,v) < § , then, by (4.1)
| Xu(s) — Xo(s)| <e, Vsé€lt,T).
Hence, || X,.(s) — X,(s)|| < e. Therefore the mapping is uniformly continuous. n

Theorem 4.1. Let Condition 1 hold. The mapping

U|—>/t g(ryu(r), Xyu(r))dr

18 continuous.

Proof. Let u,v € U[ty, T]. Note that

[ l9(r, u(r), Xu(r)) — g(r,0(r), X, ()| dr = / 190, u(r), Xu(r) — g(r,0(r), X, ()| dr

+ |g(7",u(7"),Xu(r)) —g(T,U(?‘),Xv(T))’dT,

Ac
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where A = {r € [to,T] : u(r) # v(r)}. Then, by Condition 1 and Proposition 3.1 we get

/ lg(r, u(r), Xu(r)) = g(r, v(r), Xo(r))ldr

to

< / lg(r, u(r), Xu(r)) — g(r, v(r), X, (r)] dr

+ . lg(r,u(r), Xu(r)) — g(r,v(r), Xu(r))| dr,

< /AL(l + | Xy (r)])dr —i—/AL(l + | X, (r)])dr + . | X (r) — Xo(r)| dr

< 2LeM 01+ [wo)A(A) + /T [ Xu(r) = Xo(r)] dr

to

< Kplu,v) + / X,(r) — X ()] dr.

to

Thus, by Proposition 4.1

/ l9(r, u(r), Xu(r)) — gl o(r), X, (r)]dr

to

< Kp(u,0) + Kp(u,v)
= 2p(u,v).

Given € > 0, take 0 > 5%. If p(u,v) < 6, then

<e, VrelT].

/ l9(r, u(r), Xu(r)) — glr,o(r), X, (r)]dr

to

We now prove the spike variation lemma and some results needed in the proof of the

Pontryagin principle.

Lemma 4.2 (see [22], Lemma 1.4.6.). Suppose f(-) € L*([0,T];R"™) and for 0 < § < 1,
let

E; = {EC[0,T] : NE) =0T},

where X\ is the Lebesque measure. Define g : [0,T] — R"™ as
t 1
ge(t) :/ (1 — g]lE(S)> f(s)ds.
0

it 9r@llcgoran =0

Then
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Proof. By Proposition A.1, for any € > 0 there exists an f. € C([0,T]; R™) such that

/ |f(r) r)dr <e. (4.2)

Since f. is finite, we can find a partition 0 =ty < t; < -+ < ty_1 < tx, = T of [0,T] such
that

€
HfS(‘)HC([oT J;R™) IEE%C@ —ti1) < 5 (4.3)
Define the step function f.(-) as
Zfe L y(r), 7 €[0,7). (4.4)
First, we prove that
T
/ | fo(r) = fo(r)| dr < e (4.5)
0

Using eq. (4.4) we get

[ 1500 -zl = [ |6 §y;n@m>
/ | fe(r) = T, (r) fo(t2) | dr + -

+[ £:(7) = L 1 () (T dir

= [ 1= retdr s [ 150 - £Tar

th—1

dr

t1 T
s/|mmmmﬂwmwau+/‘nﬁmmmmwwr
0

te—1

S k HfE( )HC ([0,17; Rn) maX (t - tl 1)

<i<h
Then,
T -
| 1500 ] ar <
0
Now, let
k
Es = U[tz’—h ticn +0(ti — tica)]. (4.6)
i—1

Note that )\(Eg) = ZiZk (5(751 — ti—l) =0T.
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We prove that the integral

I = /tiil <1 — %]lEg(’r’)) f-(r)dr =0,

for all subinterval (¢;_1,t;] which not enclose s. Substituting (4.4) in (4.7) yields

L‘Z/i( ]lE5 )Zfe (tiy ) (T)dT
t 1
= E(ti) /t (1 - g]l[ti—lati—l‘f'é(ti_ti—l)](r))

i—

= f.(t;) [(ti —ti—1) — éé(ti - ti_l)}

= 0.

Now we consider s € (t;_1,t;] and estimate

/t (1 - %]lE(s(T)> Fo(rydr .

j—

Ij =

By definition of f. we have

s 1 _
/ (1 — g]lE5 (7")) fa(r)dr
ti—1
s 1
/ (1 - S]l[tj1,tj1+6(tj—tjl)](r)> dr
ti—1

J

I, =

J

= [f=(;)]

= |fe(tj)| |s —tj-1 — %{(S —ti1) N[Oty — tj—l)]}‘
< |[fe()] (t; —tj-1)

< AN s (= i)

€
< =<e&.

R
/08 (1 - énEé(T)) F(r)dr

Thus,

<E.
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Now,

/OS <1 _ %M;(r)) F(r)dr

Note that, inequality (4.2)

s

1 1

[ (1 5180)) 60 - fopar| < [ 1= 510|170 - £l ar
<2 [ 1) - rolar
(1+6)e
s

and by the inequality (4.5)

(1+6)5'

R

/08 (1 a %1&;(7”)) (fe(r) = fe(r))dr

Note that given € > 0 we obtain a set Ejs such that

/05 (1 - %nEé(r)) Fr)dr
/Os (1 - %1E5<r)) F(r)dr

Therefore, inf ||gg(t)]| = 0. u

2(140)e
< 5 + €.

Hence

||9E(t)||c‘([0,T];Rn) = sup < Ke.

Corollary 4.1. Suppose f(-) € L'([0,T];R") and 0 < § < 1. Then, there exists Es and
a function rs € L*([0,T];R"™) such that \(Es) = 0T and

) ' ds = T]l ds +rs(T T
/0 f(s) S /0 Ea(s)f(s) S 7“5( ), T € [O, ],
with |rs(T)| < 6% for all 7 € [0,T).

Proof. Since 0 < § < 1, by the spike variation Lemma 4.2 there is Es € Es such that

<9,

/OT F(s)ds — %/0 L, (5)f (s)ds

sup
T€[0,T7]
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that is . .
/f(s)ds—%/ L, (s)f(s)ds| < 6, ¥re[0,T]
0 0
Then . .
‘5/0 f(s)ds—/o 1, (s)f(s)ds| < 6%, Vr7el0,T).
Take . .
=90 ds — 1 ds, 0,7T].
()= [ s [ ereas e 0.1
Hence |rs(7)| < 6% and
s [ rsas= [ 1 d ,
[ s = [ s+
for all 7 € [0,T].
m

Proposition 4.2 (][22, Proposition 1.4.8). Let M C R™ be a non-empty closed convex

set. Then there exists a map Py : R™ — M such that
(1) |z — Py(x)| = mingen |z — y| =: du(2).

(i) For z € M, z = Py(zx) if and only if

(x—z,y—2) <0, Vye M.
(11) |Pr(x1) — Py(mo)| < |21 — 22|, for all zq, x5 in R™.
(iv) Vaidy(x)? = 2(x — Py(z)).

Proof.

(4.9)

(i) Fix x € R". Let {2z} € M be a minimizing sequence such that limy_, |z — 2x| =

dy(z) for any x € R™. Since {|z — 2|} is convergent, we have that {z;} is bounded. We

assume that z; — z € M, otherwise we can extract a convergent subsequence. Then

lim |z — 2| = |z — 2| = dy(2).
k—o0
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Suppose that there is another y € M such that |x — y| = dy/(z). By the convexity of M,

y—;—z € M. Thus

(du(2))* <

= 1(l@ =)+ @ =2 +[@ -9 - @=2) g -2

1 _ _ o
=@l —gf +20r -2 |y - =)

= [dy(2)* = 7 |5 — 2

)

N

thus, y = Z.

(ii) Suppose that Py (z) € M. Then for any y € M and « € (0,1), we have
Py(z) + aly — Py(z)) = (1 —a)Py(x) + ay € M.

Then,
|Pag(w) — a|* < |Pu() + aly — Pu(e)) — 2,

which implies

0 < |Pu(z) — | + aly — Pu(@))]* — |Pu(z) — 2|
= 20(Py(z) — x,y — Py (2)) + o |y — PM@)F
= —2a(Py () — z,y — Pu(x)) + o ly — Py(x))?.

Dividing by a and multiplying by —1 we have
(Pu(a) = 2,y — Pu(@)) — aly = Pu(x)]* <O0.
Letting o — 0 we get
(x — Py(x),y — Py(z)) <0, Vye M. (4.10)
Now, suppose that, for z € M

(x —z,y—2) <0, Yye M.



Variational Principles 45

Note |y — z|* = |z — 2> + |y — 2|> + 2(y — 2, z — x), then
ly =z = |z —a” =y — 2" + 2(y — 2,2 — @),
for all y € M. Thus |y — x| > |z — x| for all y € M. By definition of infimum z = Py (x).
(iii) From the inequality (4.10), for any x1,z5 € R", we have
(Pr(z1) — Pu(w2), w2 — Py(r2)) <0,
and
(Pr(z2) — Pu(1), 1 — Py(1)) = (Py(w1) — Pu(x2), Par(2) — 1) < 0.
Adding the both inequalities we obtain
(Par(z1) — Par(a2), w2 — Py (22) — 21 + Par(a1)) <0,

thus
(Pr(21) — Pur(2), Py (1) — Pu(22) — (21 — 22)) < 0.

The last inequality implies

| Pag(w1) = Pag(w)[* < |Pag(w1) = Pag(a)] |21 — ol .

(iv) Note that
di(x) = min{lz —y|” : y € Y},

with Y = M N{z : |z — Py(x)| <1} and the set of minimizers is Y (z) = {Py(x)}. So,
by Danskin Theorem A.3

Vod2 () = Va(lz — y*)y=ry )
=2(x — Y)|y=Py ()
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4.2 Proof of Pontraying’s Maximum Principle

Originally the result is establish as the Pontryagin Maximum Principle but, usually, in
optimization the problems are establish as minimization problems. Following these ideas

we prove the minimum version of the Pontryagin Maximum Principle.

We first introduce the last condition

Condition 4. The map
T — (f(t,u,x),g(t,u,x), h(:v)),
1s differentiable, the map
(z,u) = (f(tu,2), folt,u, @), 9t u, 2), go(t u, ), ha(2)),
18 continuous, bounded and

|fx(t,ﬂf1,U) - fx(t>$2au)| S L ’xl - $2| )

|g$(t,l’1,U) - g$(tax27u)| S L |$1 - I2| )

for some constant L > 0.

Now, according to the Optimal Control Problem 3.1 we consider the adjoint equation

1/)(3) = _fa:(37 X(S)v @(3))T¢(3) - ¢ng(8’ X(S)v ﬂ(s))—r7 s € [O’ T]v (4'11)

with
¢’ >0, (4.12)

and
2

0O + [(T) — o (X(T)T|" = 1. (4.13)

We also define the Hamiltonian function regarding to the Optimal Control Problem 3.1

as

H(s, 2z, u,°, ) = 0g(s,z,u) + (¥, f(s,2,u)), (4.14)
with (s, z,u,¢° 1) € [0,T] x R" x U x R x R™.

Theorem 4.2 (Pontryagin Minimum Principle). Assume Conditions 1, 2, and 4. Let M

be a non-empty closed convex set. Suppose (X(-),u(+)) is an optimal pair of the Optimal
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Control Problem 3.1 for the initial pair (0, xo) and ¥ is the solution of the adjoint equation
(4.11). Then the following conditions holds:

(P-1) Minimum condition:

H(s, X(s),u,¢°,1(s)) = min H(s, X(s),u,¢",¥(s)), a.e. s€l0,T], (4.15)

ucU

(P-2) Transversality condition:

(W(T) = h(X(T)) ",y — X(T)) <0, Vye M. (4.16)

Proof. We prove this theorem, following the next steps. Step-1 Introduce an auxiliary
cost functional J.. Step-2 Apply the Corollary (2.3) of the E.V.P to the functional J.,
in order to obtain an e-optimal pair (z,u®). Step-3 From the corollary 4.1 of the spike
variation lemma we obtain the necessary conditions for the e-optimal pair. Step-4 Take

the limit € — 0 to obtain the necessary conditions for the original problem.

Step-1 If @ is the optimal control and X is the corresponding path, then, without loss

of generality, we may assume that

J(w) = J(u(-)) :/o g(s,u(s), X(s))ds + h(X (1)) =0,

otherwise, we can consider the functional J(u)—J(@). Let € > 0, X(T') = X(T'; 0, zo, u(+))

and define the functional

1/2

Jo(w) = [(T(w) + )% + i, (X(T))] 7 > 0 (4.17)

)

where

dy(w) = nin(|z — y]).

for all x € R".

Step-2 First, we have that U[0,7] is a complete metric space by Lemma 4.1. Also,

note that J. is continuous by Theorem 4.1, bounded below and

J.(u) =¢
< inf J.(u)+e.

ueUM
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By Corollary 2.3 there is u® € U[0,T] such that
(i) Jo(uf) < Je(),

(i) p(u, @) < Ve,

(i) Je(u®) < Je(u) + vep(u, uf).

Thus, u° is a minimum of the map

u— J.(u) + Vep(u, u).

Step-3 We obtain the necessary conditions for the e-pair (z°(-),u°(-)). Let € > 0 be
fixed. For each 0 < § < 1 and u € U we apply the Corollary 4.1 to the map

o (g(ﬂ Xe(7), u(r)) = g(7. X(v), u%)))
fr Xe(r),u(r)) — f(r, Xo(7),us (7)) )

then, there is Ef € Es with A\(E5) = 6T and a function r; € L'([0, T]; R") such that

5 / <g<s,Xf<r>,u<T>> —g(r. X(7), W) i
o \J(r.X*(r),u(r) = f(r. X* (7). u(7))

_ /SHEE(T) <g<s,xs<7>,u(7>>_ r
o NS XE(r)ul(n) = f( X¥(r),wE (7))

where ‘7"2’5(3)‘ + |r5(s)| < 62 for all s € [0, 7] and X°(-) = X (,0,xg,u(-)). Thus, given

u and ¢, we define the spike variation uj of the optimal control u® as

uE(s) = {ua(s) it sel0,7)\ Ej (4.19)

u(s) if s € I
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Then, by the equation (4.18)

Vi) =5 | [ X)) = 7 X0 (o). () e

(7, X5(7), u5(7) — f(7, X°(7), u5(7))] dr

»

+
<>.|H°ﬂ|>—‘ S

[f (7, X5(7), u5(7) = f(7, X5(7), u(7))] dr

»

(7, X5(7), u5(7) — £(7, X°(7), u5(7))] dr

S—5—S—

:/o [/0 fo(T, X2 (1) + 0(X5(7) — X°(7)), us(7))db| Y5 (7)dr

r

T / [ X () ulr)) — £ X (7)o (1) dr — T2

Consider the following initial value problem

Y(s) = fuls, X*(s),u*(5)Y*(s)

+ f(s, X°(s), uls)) — f(s, X°(s),u"(s)), s€[0,T],

Y<(0) = 0.

Then the solution Y°¢ is

/[t L X @) - Flr, X (1), ()] dr

= /08 fo(r, XE(7),u(7))Y*(7)dT + /05 [f(T, Xe(1),u(r)) — f(r, Xe(T),us(T))}dT.

By Theorem A.4 we have that

lin (V5 () = V<)l eqoan = 0

(4.20)
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On the other hand, note that

Define

U= T a0 e

Jo Vel d)(XE(T) + 6[X5(T) — X*(T)])do
T(u5 () + L () |

Thus, using the same method in we have

[J(u5() + el + [J(u()) + €]
)

U5 -

~1vE <05 [ 066, X500 - ol X ) +

+5Y5 (T),

WX5(T)) = h(XE(T)) }
)

(4.21)
By the definition of u§ in (4.19), u5(s) = u®(s) a.e. s € [0,7] when § — 0. Then, by

Proposition 4.2 part (iv) and Condition 4 we have

e JW()+e o
Y = T ey Y
: E_XE(T>_PM(XE(T)) e
i ¥ o O B
Note that
WO’E‘Q + [P = (J(us(-) +¢) 18(:((;2 — Py (X5(T))
~ () +e)? +du(X(T))?
Je(us(+))?
=1,
thus

0O + [P =1, Ve>0. (4.22)
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Also, from the second statement in Proposition 4.2 we have
(XHT) = Pu(X°(T)),y — X°(T)) <0, VyeM.
Multiplying by J Tty We get
(W y—X(T)) <0, Vye M. (4.23)

From the inequality (4.21), applying the same method in we get

£ [ ot X500 — ot X0
5/ (1, X5 (7 g(T,XE(T),U€<T>>i|dT
+5 f [vX%><ﬂ> o, X¥(7), ()] dr

[t,s]NES
/ / gz (7, X5 4+ 0[X5 (1) — X°(7)], us(7)) Y5 (7)dOdT

+ /0 97, X%(), u(r) - 9(r, XE(T),u€(T))]dT— 7"?(;(7).

Letting § — 0 we have u§(s) = u®(s) a.e. s € [0,T]. Thus, by Condition 4 and (4.20) we

obtain
i/ UT&<><>w@vX%> “(r))]ar o
— / (1, X°(r TNYS(7) + g(1, X°(7),u(1)) — 9(T, XE(T),US(T))] dr.

Now,

0 5
- /01 he (X*(T) + 6] X5(T) — X°(T)])d6 - X£(T) ng(T).

If we let 6 — 0, we get

MX5(T)) = MXAT) _, /1hx(X€(T))d9-Y8(T) = hy(X°(T)) - YS(T)  (4.25)

Consequently, letting 6 — 0 in (4.21), by (4.24) and (4.25) we obtain
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~TVE <8 [ o X DY) + gl X))
0 (4.26)
— gl X () ()| dr + [00ha (X (T) + 0] V(D).

Step-4 Note that (4.22) and (4.23) are valid for every ¢, in particular for the limit.
Thus, we define (¢°,1)) := lim,._,o(1/°<,¢°), such that

WO+ o =1, ¢ >0,

_ _ (4.27)
(Y,y = X(T)) <0, YyeM.
On the other hand, denote by Y the solution to the initial value problem
Y(s) = fuls, X(s),u(s)) Y (s) + f(s, X(s),u(s)) — f(s, X(s),uls)),
Y (0) =0,
with s € [0, 7). Then, by Theorem A.5
li_{% 1Ye(-) — Y(')Hc([o,T};Rn) = 0.
Consider the problem of terminal value
¢(S) = _foc(s X( ),ﬂ( ))T¢(S) —@DOQI(S,X(S),’&(S))T, s € [O,T], (4 28)
W(T) = ¢+ ¢ h(X(T))".
The terminal condition satisfies (4.27), that is
[0+ [(T) = (X (D) T =1, 90 20
and
(U(T) = °he(X(T))", y = X(T)) <0 Vye M. (4.29)

This prove (4.12), (4.13) and (4.16).
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On the other hand, according to the initial value problem for Y and v consider the

following derivative

(D). 0+ (X)) = [ [V =005 X)) )

(4.30)
([, X(s),u(s)) = (s, X (5), u(s)), (5)) | ds.
Now, letting ¢ — 0 in (4.26), we get
02 [0 [oc KLY () 900, Kshule) =gt XD ]as

+ [Uha(X(T)) +(s)| Y (D).

Applying the definition of the Hamiltonian, H (s, z,u, %%, ¢) = ¥%g(s, z,u)+(, f(s,z,u)),

we get

H(X(s),u(s)) — H(

Y
S
2l
=
o)

N
I

=
w

<)
P
o)

o
£
&=
<
o o
=
=
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Hence, by (4.30) and (4.31)
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Define now the operator W : U — R
Wu(s) :== H(X(s),u(s)) — H(X(s),u(s)), s€][0,T).

Since U is separable, let A = {u;, i € N} be dense subset of U. Fixi € N, ¢t € [0,7] and
1n > 0. Define

Us, Se[t_n7t+77]7
uy(s) = .
u(s), otherwise.

By the definition of the Hamiltonian, Wu|(s) is measurable. Then, by Theorem A.6

t+n

1
OS%%%O/W[UW ds-%gl%—n[/Wun als—l—/Wu?7 als—l—H/an77 ]
t+n
1 - _
ﬂ%%lwa@%>Huu<»m
= H(X(t),u:) — H(X (1), u(t)),
for a.e. t € [0,7]. Hence, for all i € N
H(X(t),u;) > H(X(t),u(t)), a.e. te]l0,T]. (4.32)

Let u € U. Since A is dense there exists a subsequence {u;, } C A such that u; — u
when k£ — co. By (4.32)

H(X(8),u,) > HX(t),a(t), VkeN.
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Since H(X(t),-) is continuous we get

H(X(t),u) = lim H(X(t),u,) > HX(t),a(t)).

k—o00

Therefore

H(t, X(t),a(t),°, () = min H(t, X (t),u,¢¥°,(t)), a.e. tc[0,T)].

uelU

Remark 4.1. Note that in the case M = R" the transversality condition becomes

U(T) = U ha(X(T))".

In the last chapter we apply the Pontryagin principle to epidemiological problems.
Because of this, we introduce a particular case of the Pontryagin Principle. Let M C R"

and 1° = 1, and consider the optimal problem

maxx J (u(-) = max [ / 9(s. 2(s), u(s))dt + h(x(T))

(4.33)
subject to 2'(s) = f(s,x(s),u(s)), z(0) = x.

Then, we have the following version

Theorem 4.3. If (u(-), z(+)) is an optimal pair for the optimal control problem 4.33, then

there exists a piecewise differentiable adjoint variable () such that

H(s, 2(t), u(t), v°, ¥(t)) = max H(s, X (s), u, ¢", (1)),

uelU

at each time t, where the Hamiltonian H is

H(s,x(s),u(s),¥(s)) = g(s,2(s), u(s)) + (¥ (s), f (s, 2(s), u(s))), (4.34)
and (t) is the solution of the adjoint equation

OH (s, 2(s), u(s), ¥(s))
83: (4.35)
~ |gas,(s), u(s) + ((s), fuls a(s),u(s)))],

9(s) = -
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with a transversality condition ¥(T) = h,(Z(T')). Moreover, we have the optimality con-

dition

that is
9u(s,T(s), u(s)) + fuls, Z(s), u(s))y(s) = 0. (4.36)



Chapter 5

The Forward-Backward Sweep
Method

The Pontryagin principle allows us to transform the control problem to a problem
of solving a system of ordinary differential equations. To this end, we need to solve
forward the dynamic with a given initial condition, and backward the adjoint equations
with a transversality condition. using the fourth order Runge-Kutta-Felberg method
we construct the forward-backward sweep method. This way of solving is called the
Forward-Backward Sweep method. The purpose of this Chapter is to present the Runge-
Kutta methods, then the Forward-Backward Sweep method and some examples of these

methods.

Here we present the Runge-Kutta methods following the ideas of [10]. Consider the
following initial value problem (I.V.P.)

2(t) = f(t,x(t),  telt,T), (5.1)

The Runge-Kutta (RK) methods are used to approximate the solution of the initial value
problem described by (5.1). Let P = {to,t1,...,ty} be a partition of the interval [tq, T'].
These methods compute the slopes of nearby points at a time ¢, and then calculate the

average of these slopes to approximate the solution at the next time ¢,,;.

The general s-stage RK method is defined as

Tp+1 = Tp + h Z blk‘“ (52)
=1

57
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where the terms k; are computed from the following evaluation in the right-hand side of

the equation (5.1):

ki :f (tn+cih,xn+h2ai7jkj> , 1= 1,"’8, (53)

Jj=1

with

TABLE 5.1: General form of a Butcher array.

These parameters can be displayed in a table known as the Butcher array (see Ta-
ble 5.1). The vector ¢ indicates the positions within the step of the stages values. The
matrix A indicates the dependence of the stages on the derivatives found at other stages.
And b is a vector of weights, showing how the final result depends on the derivatives

computed at various stages.

To specify a particular method, we need to choose the stage s, and then provide the
coefficients a;; with 4,7 = 1, ..., s, the weight b; and the terms ¢;, with s = 1,...,s. Thus,

given s-stages, the method depends on s? + s parameters {a; ;, b;}.

We focus on the explicit RK methods. In these methods the upper-triangular compo-

nents of the matrix A are zero. In this case, the Butcher array is as follows:

c |0 0 0 0

cy | az; 0O 0 0
c3 |azr azz -+ 0

0 0

Cs | Qg1 Qg2 +++ Qg1 0

by by oo ber by

TABLE 5.2: The Butcher array for an explicit RK method

We obtain the parameters in the RK methods, based on the definition below.

Definition 5.1 (Local Truncation Error, [10, def. 9.3]). The Local Truncation Error,
Thi1 of an RK method is defined as the difference between the exact x(t,1) and the
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numerical solution x,1 of the initial value problem (5.1) att = t,41:

Tn+1 - x<tn+1) — Tn+1,

under the assumption that x, = x(t,). If T,o1 = O(RPTY), the method is said to be of

order p.

To clarify this idea, we present an example of a one-stage RK method, that is, we

choose s = 1. Following the definition of the general RK method (5.2) and (5.3), we get

Tpntl = Ty + hblkb
]{?1 = f(tn + Clh, Ty + hCLLll{?l).

Since the method is explicit, we have that ¢; = a1 = 0. Also, k1 = f(tn, zn) = fn, then
Tpi1 = X, + hby f,. To find the coefficient b;, we have to compare this expression with

the expression for z(t,.1). First, We use the Taylor expansion A.1 at ¢, of order 3:
1
z(tny1) = x(t,) + ha'(t,) + §h2x"(tn) + O(h%).

Now, we differentiate the equation 2'(t) = f (¢, x(t)) respect to ¢, in order to find the term

2" (t,). By the chain rule, we obtain

—g—l—gl’/

2'(t) = 5 T 92 )= fi+ fof-

Then,
TnJrl = x(tn+1) — Tn41
1
= z(ty) + ha'(t,) + §h2:c"(tn) — 2, — hby fr + O(R?)
1
=, +hf,+ ghQ(ft + f fo)le=t, — T — hb1 fr + O(RP)

Bl = b)) f + %h?(ft + FE)limt, + O(R?),

If T, is consistent of order p = 1, then b; = 1. This choosing gives the only first-order

one-stage explicit RK method, the Euler’s method

Tni1 = Tp+ hfn.
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We now present an example of how to approximate the solution of an initial value

problem using a two-stage RK method. Consider the IVP

2(t) = (1 —2t)x(t), t>0,
(1) = (1= 20a(1) .
z(0) = 1.
According to the two-stage RK method,
tn+1 =1, + h7
Tptl = Tp + hk??
and
kl = f(tna ZEn),
(5.6)

1 1
]{2 = f (tn + §h,l'n + Eh]ﬁ) N

we calculate the approximate solution of 5.5 choosing h = 0.2. Thus, substituting 5.6 in

5.5, we obtain

]{31 = (1 — 2tn).’lfn,

1
So, for n = 0, we have

ki = (1= 2to)zo = (1 —2(0))(1) =1,

ks = (1 — 2t — h) (o + 0.5hk1) = (1 — 0.2)(1 + 0.5(0.2)(1)) = 0.88,
to=to+h=0+02=02

1 = w0+ hks = 1+ (0.2)(0.88) = 1.176.

Now, for n = 1, yields

ky = (1— 2tz = (1 —2(0.2))(1.176) = 0.7056,

ko = (1 — 2t; — B) (21 + 0.5hk;) = (1 — 2(0.2) — 0.2)(1.176 + 0.5(0.2)(0.7056)) = 0.4986,
ta=t;+h=02402=04,

Ty = 1 + hks = 1.176 + (0.2)(0.4986) = 1.2757,

and so on. This is an example of an explicit RK method.
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The Runge-Kutta-Felberg method

Consider the initial value problem (5.1). Letting s = 4 we get an explicit four-stage
RK method: (5.1).
Tpt1 = Tp + h(b1ky + boko + bsks + byky) (5.7)

where
kl = f(tnaxn)y
k2 - f(tn + CQhu Tn + hGQ,lkl)a
2
]C3 = f (tn —+ C3h, Tn + h Z Cl&jkj) s (58)

J=1

3
k’4 = f (tn + C4h, Tn + h Z al,jkj> .

j=1

To obtain the parameters we have to satisfy the following conditions (see p. 90, [4])

b1+bg+b3+b4:1,

1
bQCQ -+ b363 + b4C4 = 5,
1
bacy® + bzcs® + bycy® = 3
1
bzag2Ca + baasoco + baasscs = 6
1
b2623 + b3633 + b4C43 = 4_1’
1
bscgasz oCy + bycaas oco + bycyayzcs = g
1
53a3,2022 + 54614,2022 + 54614,3032 =1
b 1
A4 3059C = —.
404,3032C2 = o5

These systems of nonlinear equations a infinite number of solutions. Table 5.3 shows a
popular solution. This set of parameters conform the Runge Kutta-Felberg method of

fourth order. This method is common used in packages from R, Julia and MATLAB.

Substituting the parameters of Table 5.3 in (5.7) and (5.8), we obtain the Runge Kutta-
Felberg method
1
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— o= O

ol O Ovi= O
wiH O O
wiH = O

o+ O

TABLE 5.3: The Butcher array for an explicit four stage RK method

where

kl = f(tm xn)a

1 1
kz = f (tn + §h7xn + §hk1> 5
(5.10)

2 2

1 1
k?) - f (tn + _hwrn + _hk2> )

According to the Pontryagin principle, we now present the forward backward sweep
method following [13]. As we say at the beginning of this chapter, this method consists
on solving forward in time the dynamics given by the control system and backward in
time the adjoint equations w with a transversality condition. We describe the steps of

the forward-backward sweep method as follows

Step 1. Make an initial guess for u over the interval.

Step 2. Using the initial condition z; = x(ty) = a and the values for u, solve z forward

in time according to its differential equation in the control system.

Step 3. Using the transversality condition ¢)yy; = ¥ (t;) = 0 and the values for v and

x, solve 1 backward in time according to its differential equation.

Step 4. Update u by entering the new x and v values into the characterization of the

optimal control.

Step 5. Check convergence. If the values of the variables in this iteration and the last
iteration and the last iteration are negligibly close, output the current values as

solutions. If values are not close, return to Step 2.

Using Python, we made an implementation of this method [17], which follows the Algo-
rithm 1.
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Algorithm 1 Forward Backward Sweep
INPUT: to,tf, Nz, To, by a,r,m, €,
OUTPUT: z*,u*, v

1: procedure FORWARD BACKWARD SWEEP(¢, Ytunction Us T0; V¢, Py Ninaz)
2 while test > ¢ do

3 Uold < U

4: Told <

5: T < RUNGE_KUTTA_FORWARD( f, u, g, b, Nmaz)

6 Yola < ¥

7 1) <= RUNGE_KUTTA_BACKWARD (Ufunction; &> ¥y, I, Nmaz )

8

9

Uy <= OPTIMALITY_CONDITION(u, z, )
U1 + Uold

10: test; <

11: testy <
|||

||¢ B 77b01d||
141

13: test «— max {testy, testy, tests}

12: testy <—

14: return x*, u*, 1 > Optimal pair

To fix ideas we present the following example. Consider the maximization problem

below

max /01 Az(t) — B(u(t))*dt,

1
subject to z'(t) = —5(35(75))2 + Cu(t), xz(0)=mxy> -2,

A>0, B>0,
for t € [0,1]. By (4.34), the Hamiltonian is
1
H(t.,u,) = Ax(t) ~ Bult)? — Li(0)e(t) + CuOyu(t)

Using the optimality condition,

oOH

= = —2Bu(t) + C¥(t) = 0,

at u(t), we have that u(t) = cot), Now, by the definition of the adjoint equation (4.35),
2B

V'(t) = —(g.(t, z,u) +1(t) fo(t, 2,u)). Thus, the problem to solve, using the Algorithm 1,



Numerical Methods

64

18

2 (t) = —%x(t)2 + Cu(t), =(0) = zo,

W) = —A+z(t)y(t),

with the transversality condition ¢ (1) = 0.

Algorithm 2 Evolutionary Algorithms

Y < Yo(Np,V)

while (the stopping criterion has not been met) do
M + M(Y)
C <+ C(Y,()
Y < S(Y,C, fob)

Viest < Best (Y, fob)




Chapter 6

Applications of Optimal Control

Problems

The objective of this chapter is to present applications in biology to fix the ideas
established in previous chapters. We follow the Labs [14] presented in [13] but with our
Python implementations [17]. We present multidimensional problems with one and two

controls.

6.1 Chemotherapy for the HIV

The Human Immunodeficiency Virus (HIV) is a condition that targets the immune
system and weakens people’s defense system against other infections, such as the tuber-
culosis and some types of cancer. At this moment the HIV has no cure and that’s the
reason it is one of the biggest problems in public health. However, there exist treatments
to control this sickness, like drugs or chemotherapy that try to suppress the infectivity of

the virus.

We consider a model for HIV reported in [5] which describes the interaction between
the immune system and the HIV virus. Let T'(¢) be the concentration of uninfected
CDATT cells and T;(t) the infected C'D4TT cells. Let V(¢) be the concentration of free

65



Applications of Optimal Control Problems 66

infectious virus particles. The dynamic of this problem is

dT s T+T;

@ T +rT (11— —kVT
a1y M ( m) VI,
AT,

L VT — 1T

i H2

dv

C  NpTs — sV,

di H2 M3

S

with initial conditions T'(0) = Tp, T;(0) = T and V(0) = V;. The term Trvm represents
the rate of generation of new C'D41T cells. We consider r as the growth rate of T cells
per day. This growth is assumed to be logistic, with a maximum level 7,,,,,. The term
EV'T models the rate that free virus V infects CD4%T cells. Once the infection occurs,
replication of the virus is initiated, then N represents the average number of virus particles
produced before the host cell dies. The death rates of uninfected C' D47 cells T, infected
C'D4" cells T; and free virus particles V' are py, us and us, respectively. Note that

dTl’ _ 5 S 0
dt |,y 1+V =7
dT;

. =kVT >0,
dt |p._,
av
0 =NwL >0
dt |y,

In this example, we consider as treatment the chemotherapy of reverse transcriptase
inhibitors, like azidothymidine (AZT), which affects the infectivity of the virus. The term
1 —u(t) with 0 < u(t) < 1 represents the strength of the chemotherapy. That is, if the
control u(t) = 0, then we have the maximal use of chemotherapy. In the other case, when

u(t) = 1 there is no chemotherapy. Thus, we consider the following control problem:

max J(u) = max/o ' [AT(t) — (1 — u(t))?]dt,

subject to
dT s T+ T,
— = — T T(1—- —u(kVT
& 1rv M ( Tmax) ulbRVT, (6.1)
dT;
i u(t)kVT — puoT;,
1%
— = NuoT; V,
dt H2 M3
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where A is a weight parameter. We want to maximize the number of T' cells and minimize

the ’cost’ of the chemotherapy to the body.

Let z(t) = (T(t),T;(t),V(t))". Note that each function in the right-hand side of ODE
in (6.1) and the function AT'(t) — (1 —u(t))? are continuously differentiable. Thus, by the
Existence Theorem 3.2 there is, at least, one optimal pair (u,z). Moreover, we can apply
the Pontryagin Maximum Principle 4.3. According to the definition of the Hamiltonian
4.34 we have that

H(t, z(t), u(t), (1)) = AT(t) — (1 — u(t))* + (¢(1), f(t, 2(t), u(t))),

where f represents the right-hand side of the ODE in the control problem (6.1). Then,

according to the definition of the adjoint equation (4.35), we obtain

¢T= —A+Yp {Ml—r (1— TTi )} — YrukV

. rT
Ur, = wTT + Ur 2 — Yy Npg

. S
Yy =7 (m + UkT) — Y ukT + Py ps.

with transversality conditions ¢p(tf) = 0, ¢1,(tf) = 0 and ¢y (t;) = 0. From the opti-
mality condition (4.36) we have that

O (5 = 21— ) + (br, — Yr)KVT = 0

Thus,
5 .

Since the control is bounded, the optimality condition reads

o= )

u=1+

u:min{max{o,l—i- 5
For the simulations, we consider the parameters from [5] which are presented in the

following table.

For these initial conditions we can observe, in Figure 6.1, that the control suggests to
apply the strongest dose of chemotherapy in the first 15 days. Then, between days 15
and 20 of treatment we have to critically reduce the chemotherapy dose to the half. From

this moment we have to gradually decrease the dose. With this schedule of treatment,
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Parameters Values
Death rate of T' cells f 0.02 days™!
Death rate of T cells 7 0.2 days~!
Death rate of V cells U3 4.4 days™!
Infection rate k 2.4x107% mm3days!
Growth rate of T' cells r 0.03 days™!
Average number of virus
particles produced N 300
Maximum growth level — Tjax 1500 mm 3

s 10 mm days !

A 0.2

T(0) 806.4 mm 3

T;(0) 0.04 mm 3

V(0) 1.5 mm 3

TABLE 6.1: Values for the parameters and initial conditions.

Suceptibles Infected
2 950 - s 10771
3 T
g g 1073 +
+ 900 - + :
3 S
T 850 - ) :
1077 +
800 - 1 1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
]00 -
& 0.75 -
1071 < @©
[¥a) —
3 £ 050 -
5 1072 % = U9
> (@]
1073 3 % 0.25 -
S
—4 _
1077 + 0.00 -
1 1 1 1 1 1 1 1 1 1 1 1
0 20 40 60 80 100 0 20 40 60 80 100
Time(days) Time (days)

FIGURE 6.1: The horizontal axis represents time ¢ on days. The vertical axis represents,
in each case, the states susceptible T¢eis, infected T oy, the Virus and the chemotherapy,
control wu.

we see that the virus population and the infected cells decreases in the first 20 days and

stays at a low level for a few days.
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6.2 Multidrug-resistant Tuberculosis

The Tuberculosis (TB) is a disease caused by a bacteria called Mycobacterium tuber-
culosis affecting, principally, the lungs. This disease is one of the top 10 causes of death
worldwide and is a leading killer of HIV-positive people. Fortunately, it is a treatable
and curable disease. But, failures in treatment such as inappropriate use of medicines,
can cause a drug resistance to TB. So, the Multidrug-resistant tuberculosis (MDR-TB)
is a form of TB caused by bacteria that do not respond to isoniazid and rifampicin, the
two most powerful anti-TB drugs. The MDR-TB is still curable, but is expensive and

requires chemotherapy.

We consider the following class populations, the variable S represent the susceptible
individuals, L; and L, represent the latent class for the TB and MDR-TB population,
respectively. The infectioius population are [y for the TB and I for the MDR-TB. Finally,
we consider 7" as the class of effectively treated population. The following is an MDR-TB
model based on [7]

: I I,
S=A—-055—=—B35=—us

b N B N H
L—Bsh—( + Ky +11) Ly + 1+5T[1—5LI2
1—1N M 1T T1)Lln T+ Praody 2N 31N

jl = lel — (,LL + d1 + 7"2)[1

; I
Ly = qroly — (u+ ko) Lo + B3(S + Ly + T)N2
jg = ]{?2[/2 — (M + dQ)IQ
r ]1 ]2
T =r L+ (1 I — BT — B2
rily 4+ (1= (p+q))raly — B2 N B3 N

where the parameters are describe in Section 6.2. For this model we get the basic
reproduction number considering the disease-free equilibrium xy = (%, 0,0,0,0, O) and

the functions % and ¥:

BLSE + BT R + praly
53(8 + Ll + T>]N2 + q7’2[1

0
0
0
0
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Parameters Description

A Recruitment rate

51 Probability that a susceptible individual become infected by one
infectious individual per contact per unit of time.

o)) Probability that a recovered individual become infected by one
infectious individual per contact per unit of time.

B3 Probability that uninfected individuals become infected by one
resistant-TB infectious individual per contact per unit of time.

k1 Rate at which an individual leaves the latent class of TB
by becoming infectious.

ko Rate at which an individual leaves the latent class of MDR-TB
by becoming infectious.

W Per-capita natural death rate.

dq Per-capita disease induced death rate for TB.

ds Per-capita disease induced death rate for MDR-TB.

T Treatment rate of individuals with latent TB.

T9 Treatment rate of individuals with infectious TB.

p+q Proportion of treated infectious individuals that did

not complete their treatment.

TABLE 6.2: Description of parameters for the MDR-TB model

(w+ ko +71) Ly + BsLa 2
(1 + ko) Lo
—kiLy 4+ (p+di +12) 14
—koLo + (4 da) 1o
A+ BiSE 4 ByS% + S
—riLy+ (p+q—1)roli + 52TI—]\1, + BsT%

With this functions we construct the next generation matrix on xg:

k(81 + pra) B1 + pro
0 _ 0
(M+k1+T1)(M+d1+T2) M+d1+r2
. kiqro ko33 qr B3
FV (]30): (M+k1+T1)(M+d1+T2) (M+I€2)(M+d2) M+d1+’l“2 ,U‘f'dg
0 0
0 0

Then, calculating the eigenvalues of det(FV ~!(zg) — Aly), we get that

k(81 + pra) _ ko33
(M+/€1+7’1)(/£+d1+7“2)7 2 (M+k2)(u+d2)

1:

By the above, the basic reproduction number is %y = max{%;, %>}. As Castillo-Chavez
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established in [7], the disease free equilibrium is stable when %, < 1 and it is unstable if
,@0 >1

We now consider a controlled version of the MDR-TB model presented above from [12],
So we have the same compartments and parameters. In this case we have two controls
uy and ug. The control uy(t) (case finding) represents the fraction of typical TB latent
individuals that are identified and put under treatment. The term 1—usy(t) (case holding),
represents the measures to avoid the failure of treatment. Thus the control problem is

B, ,

min (s (1) (1) = min [ [L2<t> (1) + () + ()| di

subject to

. I I
—A—BSLE B892 —
S /315N ﬁsSN WS
L—BSIl (14 ki 4+ u () Ly + (1 (1)) I+BT11 5LI2
1= D1 N M 1T Uull)ry) L Uz proly 2 N 31N
jl = ]{ZlLl — (/L—i‘ d1 + TQ)Il
I,

Ly= (1 —ua(t))grody — (1 + ko) Lo + B3(S + L1 + T)N

j2 =koLo — (u+do)Is

I P
B T2
N Ps N

S(0) = So, L1(0) = LY, 1(0) = 17, Ly(0) = LY, I5(0) = I3, T(0) = Ty,
By, By > 0.

T = uy(t)ri Ly + (1 — (1 — us(t))(p + q))roly — BoT

(6.2)
where Q = {(u1,us) € L'(0,ts)|a; < w; < b;, } with a;, b; fixed positive constants. The

terms B; and Bs represent the balancing cost factors.

Let © = (S, Ly, I1, Lo, I, T) and let f denote the right-hand side of the control system
the optimal control problem 6.2. Since the cost functional and f are continuously differ-
entiable we can apply the Existence Theorem 3.2 and the Pontryagin Principle 4.3. That
is, there is a optimal pair (@, Z) that minimizes the cost functional and we can write the
Hamiltonian as

B B
H =Ly + I+ 5ui + s+ (0, f).
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Moreover, there exist adjoint functions 13 94 (t),...,1s(t) such that

i = (0 (61% + 53% + M) - %51% - 1?453%
¢2 = 1y (M + k1 +uir + 53%) — Y3kt — ?/1453% — g (urr1)
a= ity = v (B (1= walpra b B )+ 1) = (1= )

— e ((1 — (I —u2)(p+q))r2 — 52%)

by = =141y (n+ ko) — Usks

S L S+L+T
s = —1+ wlﬁaﬁ + %ﬁ%ﬁl — 2/1463—1

N
s = —1/1252% - ¢453% — g (52% + 53% + ,u) :

s (1 o) + B

with v;(tf) = 0, for each ¢ = 1,...,6. According to the definition of the optimality

condition we have that

oH
87(711) = Biuy — ori Ly + 1Ly =0
1

and
oH B
87(“2) = Botig — uqraly + Y6(p+ q)r2ly =0
2

Thus, the optimal control is given by

U = min {max {Cbl, B;l(’(ﬁQ — ¢6)T1L1} ,bl}

and

iy = min {maX {aa, B%(lbzp + Yaq — vs(p + Q)Tﬂl)-} ab2}

In Figure 6.2 we can observe that the infected population without these countermea-
sures is growing linearly, in contrast with the controlled model the infected population
remains almost constant in the beginning. After 3 years the controlled MDR-TB shows

that the infected population grows faster but stays low.
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Parameters Values

B 13

B2 13

B3 0.0131, 0.0217, 0.029, 0.0436
1 0.0143

dl 0

da 0

ky 0.5

ko 1

1 2

T2 1

P 0.4

q 0.1

N 6000, 12000, 30000
A N

ly 5 years

B 50

B, 500

Lower bound for controls 0.05
Upper bound for controls 0.95

TABLE 6.3: Values of the parameters

States Values
S(0) (76/120) N

Li(0)  (36/120)N
L(0)  (4/120)N
Lo(0)  (2/120)N
L(0)  (1/120)N
T(0)  (1/120)N

TABLE 6.4: Initial conditions

6.3 Quarantine and Isolation for the SARS

The Severe Acute Respiratory Syndrome SARS is a viral disease, highly contagious.
This disease emerged in China in 2002 and has quickly spread over the years. The main
problem with this sickness is that there’s no vaccine or medicine to fight it. So the
principal measure to fight the disease, is to control the spread of it. The two measures
to control it are isolation of the population who presents symptoms, and quarantine for
those are asymptomatic but has been in contact with the disease. This measure reduce

the contact with the infected population and so the SARS can be controlled.
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0.16 - — 1.0 -
N
I 0.8 -
3
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o
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> 0.10 - O 00-, 1 1 1 1 1
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+ Time(years)
~ 0.08 - = 1.0 -
= =
3 08-
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S
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0.04 - Io
o 0.2-
(7]
! (qv]
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Time (years) Time (years)

= \\/ithout control MR-TB
Controlled MR-TB

FIGURE 6.2: In the left side, the green line represents the uncotrolled state of MDR-TB
infected population (I/N) and the orange dashed line represents the controlled state.
In the right side, the two controls are plotted The parameters that were used are:

Here we present the dynamical model for SARS based on [21]. In this first model we
present a constant control. The class S represents the susceptible individuals; E, the
asymptomatic individuals who have been exposed to the virus but do not present clinical
symptoms of SARS; the quarantine individuals are represented by Q; I, symptomatic

individuals; J represent the isolated individuals; and R, the recovered individuals.
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00 - 1 1 1 1 1 1
0 1 2 3 4 5

oo - Time(years)

0.95 -

0.90 -

0.85 =

Case Holding

0.80 = i | | | 1 1
4.0 4.1 4.2 4.3 4.4 4.5 4.6

Time (years)

—— B3 =0.0131 —— B3 =0.0217 —— B3 =0.029 —— j33=0.0436

FIGURE 6.3: A comparison of the controls modifying the probability of getting infected
by a resistant-TB infected.

S _  S(BI+cpBE +2fQ +es87) g

dt N .

dFE S (61 E J

—:p‘i‘ﬁ (6 +5E5 +5Q6Q+5Jﬂ )—(U1+k1+ﬂ)E,
dt N

d

W B~ (ks +)Q,

t

" (6.3)
E:k‘lE—(UJg—i‘dl—i‘O’l—f—/ﬁ)I,

dJ

E=U2I+k2Q—(d2+U2+M)J7

dR

E:(J'll—f-O'QJ—MR.

In the model we have the recruitment rate A, the natural death rate ;o > 0. A net inflow
of asymptomatic individuals into the region at a rate p per unit of time. This parameter
includes new births, immigration and emigration. We set p to zero for simplicity. The
transmission coefficients for these four classes of infected individuals (I, E,Q, J) are (3,

egf, B and €,03, respectively. An asymptomatic individual is transferred into the
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FIGURE 6.4: A comparison of the controls modifying the size of the population.

symptomatic class at a rate k; and a quarantined individual is transferred into the isolated
class at a rate ko. The per-capita death rates induced by the disease are d; and ds.
The per-capita recovery rates of symptomatic and isolated individuals are o, and o9,
respectively. The control parameter u; represents the rate of quarantining of people who
have been in contact with an infected individual by a quarantine program. The control
parameter u, represents the rate of isolating of symptomatic individuals by an isolation

program.

Now, we suppose that the controls are not constant, this mean that the rate of quaran-
tining u1(¢) and the rate of isolation us(t) can change in different moments of time. Define
Q= {(u1,u2) € LY0,ty) : a; <wu; < b, i =1,2} with a;, b; fixed positive constants. We

consider the following control problem
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by C C
min / {BlE(t) + BoQ(t) + BsI(t) + By J(t) + éu%(t) + gug(z&) dt
w 0

subject to
ds S(BI +epBE +eBQ +¢e58J)
dt A N s,
dE S (Bl +cgBE +¢ +e;8J
t N
d@Q
dl
i k1E — (ua(t) + di + o1 + p),
dJ
i ug(t)1 + ko@Q — (do 4 09 + 1) J,
dR
E = 01[+02J_ MR,

S(O) - So,E(O) — Eo,Q<O) - Qo,[(O) — [0, J(O) - Jo,R(O) - RO
BlaBQaB37B4701702 Z 0

where the coefficients By, By, Bs, By, C7 and Cy are balancing cost factors due to size

and importance of each term in the cost functional.

Since the right-hand side of the ODE in (6.4) and integrand in the cost functional are
continuously differentiable we can assure the existence of an optimal pair (@, ), where
x(t) = (S(t), E(t),Q(t), I(t), J(t)) and we can apply the Pontryagin’s Minimum Principle

4.3. According to the definition of the Hamiltonian, we have

H = BUB(t)+ BoQ() + By (1) + Bu () + (1) + 23 (0) +- (), 11, 2(0), ) (65)

where f represents the right-hand of the control system in (6.4). From this principle we

also obtain the adjoint equations

dy;  OH

dt N 8(1]1 ’

Yi(ty) = 0. (6.6)

with z; representing the ¢-th state variable and the optimality condition

OH
50 () = 0. (6.7)
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By the equation (6.6) we get

dyy " (5I+€E5E+€Q5Q +espJ +M> (Bl + epPE +egBQ + 48]

dt N N
% =B+ %%S — 1y (#S — (ur(t) + kg + u)) — yuy (t) — Yk,
W Byt 5 (k4 ) — s,

% =—Ds+ ¢1%5 - %%5 + b (ug(t) + dy + o1 4 p1) — sus(t) — Yeor,
B s = S v o)~
% = Yot

By the optimality condition (6.7) we obtain

C'lul(t) — ¢2E + ¢3E = 0,
CQUQ(t) - w4[ + w5[ =0.

Since the controls u; and us are bounded, the optimality condition yields

s () = min {max {al, Cil(% _ %)E} ,bl} ,
us(t) = min {max {ag, C%(w - %)1} ,bQ} |

Figure 6.5 suggest to quarantine and isolate as many as possible of the asymptomatic
in the first 170 days and the symptomatic population in the first 50 days. This in order
to minimize the infected population. For the asymptomatic population, after the 170th
day the quarantine control has to steadily decrease, this means that the recruitment of
the asymptomatic population has to be less through the pass of the days. The same idea
is applied to the isolation control, but in this case, after the 50th day the decrease has
to be bigger in comparison to the quarantine case. With this schedule we can observe in
Figure 6.6 that the infected population formed by the asymptomatic and symptomatic
population decreases rapidly after the 10th day until the day 150. After this point, the
population starts to decrease steadily. If we compare to dynamics without control, we

see that the infected population declines slowly after the day 20.



79

Parameters Description Values

I5] 0.2 Transmission coefficient

€E, €Qs EJ 0.3, 0, 0.1 Modification parameter for
exposed, quarantine and isolation classes.

L 0.000034 Natural death rate.

A 408.09 Constant recruitment rate .

P 0 Net inflow of asymptomatic individuals .

kq 0.1 Transfer rate from class
of asymptomatic to symptomatic.

ko 0.125 Transfer rate from the quarantine
class to isolation.

dy, do 0.0079, 0.0068 Per-capita disease induced death rates
for the symptomatic individuals and
isolated individuals.

01, O3 0.0337, 0.0386 Per-capita recovery rates for the
symptomatic individuals and
isolated individuals

iy 365 days Final time

By, By, Bs, By 1 Respectively cost for
E.Q.1,J classes.

C1, Cy 300, 600 Costs for Isolation and Quarantine
policies.

a;, b; 0.05, 0.5 Bounds for the each control.

TABLE 6.5: Parameter description and values for the SARS model (6.3).
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Controls

Method Comparison

e FBS method: uy (t)
W DE method: uq(t)

\ m— FBS method: us(t)
W ——— DE method: uz(t)

0.4 -

0.3 -

0.2 -

0.1 -

1 1
0 50 100 150 200 250 300 350

Time (days)

FIGURE 6.5: Comparison of the optimal controls obtained by the forward-backward
sweep method and sub-optimal controls obtained by the differential evolution method.
The initial values are Sy = 12 million, Fy = 1565, Q¢ = 292, Iy = 695, Jy = 326, 20.
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FIGURE 6.6: Comparison of the dynamics between the controlled problem and the
uncontrolled. The initial values are Sy = 12 million, Ey = 1565, Qo = 292, Iy = 695,
Jo = 326, 20.
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Conclusions and perspectives

We have reviewed the proof related to the so called Pontryagin’s Maximum Princi-
ple. Appealing to the Ekeland’s variational principle and other auxiliary results we have
clarified most of the details of the proof of this seminal principle. According to the Pon-
tryagin principle and its proof we have understood the forward-backward sweep method.
Consequently, we made a GitHub repository [17], with the Python implementation code
that approximates the solution of optimally controlled biological models reported in the

literature.

Following the ideas of Suzanne Lenhart [13], we have presented controlled models re-
ported in literature. In each of them we explained the formulation with linear control
and, using the forward backward sweep method, we optimized each functional. In the
completion of this thesis we have detected other ways to optimize the underlying func-
tional cost. One alternative that we have explored is the so-called differential evolution

optimization method, [17].

All the above examples of the optimal control theory involves open-loop controls. These
kind of models work under the following assumptions. i) The model is perfect, ii) there
is no disturbance and, iii) the parameters and inputs are known accurately. However
these assumptions are unrealistic. Some authors report that closed-loop controls would
be more realistic. Although, it is difficult to obtain optimal closed-loop controls for

nonlinear systems, even so there is a way to do it using the Bellman’s Equation.

With this in mind, we note two main ways to extend this work. The first one is to

study the closed-loop controls and its applications. The latter is to change the kind of

82



SARS 83

dynamics —discrete or continuous, deterministic or stochastic. Each dynamic has its own

theory and provides tools for a great spectre of applications.
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Appendix A
Auxiliary results

Theorem A.1 (Taylor’s Theorem, p. 359 [16]). Let f : A — R be of class C" for A C R™
an open set. Let x,y € A, ans suppose that the segment joining x and y lies in A. Then

there is a point ¢ on that segment such that
— 1 1
fy) = flz) = Zk— ")y -,y —a) + Dy — 2,y ),

where D* f(z)(y — z,...,y — x) denotes D*f(z) as a k-linear map applied to the k-tuple

(y—z,...,y —x). In coordinates,
Dff(z)(y —a,....y —x) = Z ak—f (Yir — @) - (Y, — T3)-
) ) i 3% a$lk 1 1 k k

Setting y = x + h, we can write the Taylor formula as

Fla ) = @)+ D) bt gD @) (e )+ R ()

where R,_1(x,y) is the remainder. Furthermore,

R,«,1 (LC, h)

—— — 0 ash—0.
[~

Theorem A.2 (Arzela-Ascoli, 22, Thm.1.4.2]). Let Z C C([to, T];R™) be an infinite set

which 1s uniformly bounded

sup HSO(‘)”C([tO,T];R") < 09,
w()eZ

85
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and equi-continuous, i.e. for any e > 0, there exists a 6 > 0 such that
o(t) —@(s)| <&, V|t —s| <4, Vo() € Z

Then there exists a sequence py(-) € Z such that

Jim fler () = 2Ol oo mymm = 05
for some @(-) € C([to, T];R™).

Proposition A.1. Given f € L, 1 <p < o0 and € > 0, there is a step function ¢ and
a continuous function ¢ such that || f —¢l|, <e and || f — 9|, <e.

Theorem A.3 (Danskin’s theorem, p.20, [11]). Let X C R™ open and Y a compact set.
Suppose that f : X XY — R is continuous and V, f(x,y) exists and is continuous. Define

¢(r) = min{ f(z,y)}.

yey

Then ¢ is continuous and the directional derivative of ¢ exists and is given by

Di() = min {(V.f(r.y).0)}

yeY(

where Y (z) ={y €Y : p(x) = f(x,y)} is the set of minimizers. If the set of minimizers
has only one element, that is, Y (x) = {yo} then

Dip(z) = {{Vaf(z,30),v)},
Theorem A.4. Consider the following initial value problem

Ye(s) = fuls, X°(s),u"(s))Y"(s)
+ (s, X5(s), u(s)) — f(s, X7(s),u’(s)), s€][0,T],
Y£(0) = 0.

Then
lim ||Yy —Y®|| =0.
d—00



SARS

87

Proof.

Y5 (s) = Y=(s)| =

[ x50+ 00x50) - Xe(0) )] o 1
+ [ 1)) — X5l - B
- [ nr X @@y

= [ X)) = £ X5 ()

t

< : /0 Jo(, XE(7) + 0(X5(7) — X5(7)), u5(7))dOY5 (7)

o X5 () () ) 4 B

Define Fy (7 fo fu(T, Xo(7) + 0(X5 (1) — X°(7)),u5(7))df. Then
/:!Ff( )Y5 (1) = fu(r, XO(7), us (7)Y ()| dT
< [ IF ) = £r X0 NG ()] d

/Wafx V() = ulr, X(r), 0 (7)Y ()] dr
— [ 1B0) = £ X)) Y ()

+ [ falr, X5(r), (1) Y5 (7) = Y=(7) | dr
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Now, note that
/ts ’Fz;:(T) - fm(T, XE(T)’u5<7—>>’ |Yg-:(7_>| dr
:/[t - |FE(7) — folr, X2(7),uf (7))| |Y5 (7)| dr

+/ |E5(7) — folr, XE(7),u (7)) |Y5 (7)| dr
ft.s)\ E5

/0 Foltr, X¥(7) + 005 (r) — XE(r)), u(r))dB — fu(r, X(r), u* (r))| [V (7)) dr
[t,s]NES
/0 Foltr, XE(r) 4+ 6(XE(r) — X(r)), ()6 — folr, X2 (r),uf(r))| [YE ()| dr
[t,5]\ Eg
S/[tsm G / LIOCX(r) — X°(r))|dB |V (r)|dr
< OME(T — )N(ES) + /[t L (XE(r) — X=(r)| (T — t)dr
< K¢
Then,

| IFE @Y = £ X0 )Y dr < Kb+ [ MIVEG) = Y ar

t

and
Y5 (7)) = Ye(r)| < K+ M/ Y5 (1) = Y(7)|dT + 0.
t

By Gronwall’s inequality (A.2)
Y5 (1) = Y*(r)| < (K + 1)éeM T, Vs e [t, 1],

and so ||Y5(s) — Y<(s)|| < K¢, where K is a generic constant. Hence, letting 6 — 0 we
have that ||Y§(s) — Y=(s)|| — 0.

[ ]
Similarly
Theorem A.5. Consider the initial value problem
Y(s) = fuls, X(s),u(5)) Y (s) + (5, X (5), uls)) — f(s, X (s), u(s)), (A1)
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with s € [0, T].
i [Y*() =Y )l oo zmm) = 05

Proof. From the proof of the theorem 4.2
::Avxﬂx%%MU»WﬁMT+AnﬂﬂX%ﬂwﬁ»—ﬂﬂX%ﬂm%ﬂWh
On the other hand the solution of the LV.P. (A.1) is
Y(s) = /Os[fx(ﬂ X(r),u(m)Y(7) + f(7, X(7),u(r)) = f(7, X(7), u(r))]dr.
Then

Ye(s) — Y(s)| < / | fulr X S (1Y) — fulr, X (), a(r)Y (7)

+ f(r, X5(7), u(r)) — f(m, X°(7), (7)) — f(7, X(7),u(7))
—|—f(T,X(T),ﬂ(T))|dT

Proposition A.2 ([22, prop.1.4.7, p. 32], Gronwall’s Inequality). Let 0 : [a,b] — R be

continuous and satisfy

/ B(r)8(r)dr, s € |a,b],
for some a(-), 3(-) € L*(a,b;Ry). Then
0(s) < a(s) + /S a(r)B(T)el7 PO dr s € [a,b). (A.2)
In particular, if a(-) = « is a constant, then

0(s) < aels PO 5 € [a,b). (A.3)

Proof. Let ¢(s) = [ B(r)0(r)dr., by the fundamental theorem of calculus, we have

$(s) = B(s)0(s) < B(s)|els) + ¢(s)].

This leads to
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Consequently,
@(S)e_ [2 B(r)dr < / Oz(T),B(T)e_ I B(r)drd7_7
then .
p(s) < / a(7)B(r)e Ja B0 fiBwdr g
rewriting
pls) < / a(r)B(r)el- A dr,
Hence,
0(s) < afs) + / a(r)B(r)els B gy,
and (A.2) holds. Now, consider « constant, then
0(s) < a+ / aB(r)el O gy,
By integration rules, if u = a, dv = 3(7)e)7 #"4dr. In the other hand,
ieﬁ Brdr — ie* S8 — (7)o ST BT — _g(7)e T Brdr
dr dr
Then -
0(8) <a-— a/ _efjﬁ(r)drdT = o — O./[GO _ @fas ﬁ(r)dr].
. dar
Therefore,
0(3) S aef: ﬁ(T)dT,
and (A.3) holds. .

Theorem A.6 ([9)). If f € L}, that is, fi locally integrable then

loc’

1

7141_I>I(1] m /B(z;r) f(y)dy = f(iL'), a.e. x € R".

Theorem A.7 (Interior Maximum Theorem, [2, Thm. 19.4, p. 209]). Let ¢ be an interior

point of the domain of f, at which f has a relative mazimum. If the derivative of f at c

exists, then it must be equal to zero.

Theorem A.8 (Rolle’s Theorem,[2, Thm. 19.5, p. 209]). Suppose that f is continuous

on a closed interval J = [a,b], that the derivative f' exists in the open interval (a,b), and

that f(a) = f(b) = 0. Then there ezists a point ¢ € (a,b) such that f'(c) = 0.

Proof.
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Theorem A.9 (Mean Value Theorem, [2, Thm. 19.6, p. 210]). Suppose that f is con-
tinuous on a closed interval J = [a,b] and differentiable on the open interval (a,b). Then

there exists ¢ € (a,b) such that
f(b) = f(a) = f(c)(b—a).

Proof. Supose that f is continuous on a closed interval J = [a, b] [ ]

Lemma A.1 (Fatou’s Lemma, [3, Thm. 4.8, p. 33]). If (f,.) belongs to M* (X, X), then

/lim inf f,dp < lim inf/fnd,u

Corollary A.1 ([3, Thm. 5.4, p. 43]). If f is measurable, g is integrable and |f| < |g|,

then fis integrable and
[ 1s1a< [ lla

Theorem A.10 ([3, Thm. 5.5, p. 43]). A constant multiply af and a sum f + g of

functions in L belongs to L and
/afdu = a/fd,u

/(f+9)d#=/fdu+/gdu

Theorem A.11 (Lebesgue Dominated Convergence Theorem, [3, Thm. 5.6, p. 44]). Let
(fn) be a sequence of integrable functions which converges almost everywhere to a real-

valued measurable function f. If the exists an integrable function g such that |f,| < g for

/ fdu = lim / Fadpt

Proof. ]

all n, then fis integrable and

Corollary A.2 ([3, Thm. 5.9, p. 46]). Suppose that for some ty € [a,b], the function
x — f(x,to) is integrable on X, that Of /0t exists on X X [a,b], and that there exists an
integrable function g on X such that

L o) < ot
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Then the function F(t /f x,t)du(x) is differentiable on [a,b] and

dt /f:ctd,u /815 (x,t)dp(x)

Theorem A.12 (Taylor’s Theorem, [19, Thm.4, p. 391]). Suppose that f',... f"FV, are
defined on [a,x] and that R, .(z) is defined by

) (4
1) = f@) + f@)e—a)+ -+ Dyt R)
Then
(n+1)
(i) Rpa(x)= f<n—)'(t)(x —t)"(z — a) for somet € (a,x).
(n+1)
(ii) Ryo(x) = %(x —a)" for some t € (a,x).

(iii) Moreover, if f™+Y) is integrable on |a, x|, then
T f(nt1) (¢
x) = / f—()(x —t)"dt.
0 (n)!

The lagrange problem:

A general optimization problem with equality constraints if of the form

gl(ZL'l, PN ,C(]n) = b1
max (min) f(xy,...,x,) subject to : (m <mn) - (A.4)

gm(T1, ... xn) = by

We assume that m < n because otherwise there are usually no degrees of freedom. In

vector formulation, the problem is
max (min) f(z) subject to g;(z) = b;

Theorem A.13 (Lagrange Theorem, [15, Thm. 3.3.1, p. 118]). Suppose that the function
fand g1,...,9nm are defined on a set S in R™, and that x* = (x73,...,2%) that solves

rn

problem
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Corollary A.3. Suppose that for some ty € [a,b], f(z,to) = limy_y, f(z,t) for each
x € X, and that there exists an integrable function g on X such that |f(t,z)| < g(z) for
all t € [a,b]. Then

[ rtetopdn =i [ 560

Corollary A.4. If the function t — f(t,x) is continuous on [a,b] for each fized x € X
and ezists g € £ such that

|f(@,8)] < g(z).
Then the function

F(t) = / £ t)dp(z)

is continuous on |a, b.

A.1 Optimal Control

Definition A.1. Let I C R be an interval. We say a finite-valued function v : I <+ R
15 precewise continuous if it continuous if it is continuous at each t € I, with possible
exception of at most a finite number of t, and if u is equal to either its left or right limat

at every t € I.

Definition A.2. Let x : I — R be continuous on I, differentiable at all but finitely points
of I. Further, suppose that x’ is continuous wherever it is defined. Then, we say x is

piecewise differentiable.

Definition A.3. Let k: I — R. We say k is continuously differentiable if k' exists and

18 continuous on I.

Definition A.4. A function k(t) is said to be concave on |a,b] if
ak(ty) + (1 — a)k(ts) < k(aty + (1 — a)ts)
for all0 < a <1 and for any a < ty,ty <b.

A function k is said to be convex on [a,b] if it satisfies the reverse inequality , or
equivalently, if —k is concave. The second derivative of a twice differentiable concave
function is non-positive; in the case of a convex function, is non-negative. If k is concave

and differentiable, then we have a tangent line property

k(ty) — k(ty) > (t2 — t1)K (t2)
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for all @ < t1,t5 < b. In the case where k is a function in two variables, we have the

analogue to the tangent line property as follows

k(zi,y1) — k(x2,y2) > (21 — 22)ka(z1,y1) + (y1 — y2) by (21, 91)

for all points (z1,y1), (z2,y2) in the domain of k.

Definition A.5. A function k is called Lipchitz if there exists a constant ¢ (particular
to k) such that |k(t1) — k(t2)| < c|ty — to| for all points t1,ty in the domain of k. The
constant c is called the Lipchitz constant of k.

Note that a Lipschitz function is uniformly continuous

Theorem A.14. If a function k : I — R is piecewise differentiable on a bounded interval
I, then K is Lipschitz

Theorem A.15 (Existence Theorem). Consider the standard optimal control problem

Pontryagins theorems

Theorem A.16 ([13, Thm.*]). Consider

/fto: (t))dt

subject to x'(t) = g(t, z(t),u(t)), z(to) = zo

Suppose that f(t,z(t),u(t)) and g(t,z(t),u(t)) are both continuously differentiable func-
tions in their three arguments and concave in x and u. Suppose u* is a control, with
associated state x*, and X\ a piecewise differentiable function, such that u*, x*, and X
together satisfy on to <t < ty:

Ju+Agu =0,

= fu+ Au,
Alt1) =0,
A(t) > 0.

Then for all controls u, we have
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Theorem A.17. Let the set of controls for problem (aqui va una referencia) be Lebesque
integrable functions (instead of just piecewise continuous functions) on ty < t < t; with
values in R Suppose that f(t,z(t),u(t)) is convex in u, and there exist constants Cy and
C1,05,C3 >0 and B > 1 such that

i. g(t,x,u) = a(t,x) + B(t, z)u

i lg(t,2,0)] < Cil1 + Ja] + Jul

iii. |g(t,x1,u) — g(t, x,u)| < Colzy — x|(1 + |ul)
w. f(t,z,u) > Cslul’ —C,

forall t withty <t <ty, x, z1, uin R. Then there exists an optimal control u* maximizing
J(u), with J(u*) finite.
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